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Abstract. The aim of this paper is to introduce and study a new type of generalized closed sets,
called generalized we*-closed (briefly, gwe*-closed) sets, via we*-closure operator. We examine the
fundamental properties of the class of these sets. The notion of gwe*-closed set is weaker than
the notions of gw(-closed set and we*-closed set in the literature. Also, we define and discuss the
notions of generalized we*-continuous and generalized we*-irresolute functions.
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1. Introduction

The notion of the generalized closed set is an important concept in the area of general
topology. It was first introduced by Levine [14] in 1970. Since then, many forms of
this notion such as ga-closed [15], gs-closed [7], gp-closed [16], gb-closed [18], gfS-closed
[21], ge-closed [8], mge-closed [9], gw-closed [5], and generalized wf-closed [4] have been
defined and studied by many mathematicians. Moreover, the authors have introduced
many new concepts via these new types of sets. They have also investigated some of
their fundamental properties and characterizations of these concepts. Furthermore, they
have not only discussed their fundamental properties but also put forth the relationships
between them and the notions in the literature.

In this study, we define a new concept called generalized we*-closed sets via the we*-
closure operator. We examine the relationships among this new concept and some other
concepts existing in the literature such as generalized [-closed, generalized e*-closed, gen-
eralized w-closed, and generalized w3-closed. In addition, by giving the notion of we*-limit
point, we prove that the union of two generalized we*-closed sets is a generalized we*-closed
set under a special condition. Furthermore, the notions of generalized we*-continuity and
generalized we*-irresoluteness have been introduced and finally many basic properties of
such functions are obtained.
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2. Preliminaries

Throughout this present paper, X and Y represent topological spaces. For a subset A
of a space X, cl(A) and int(A) denote the closure of A and the interior of A, respectively.
The family of all closed (resp. open) sets of X is denoted C'(X) (resp. O(X) or 7) and
the family of all closed (resp. open) sets of X containing a point x of X is denoted by
C(X,z) (resp. O(X,z)). The family of all neighborhood of a point z € X is denoted by

Definition 1. A subset A of a space X is called:

(a) regular open [20] if A = int(cl(A)). The complement of a regular open set is called
regular closed. A point x € X is said to be the d-cluster point [22] of A if int(cl(U))NA # ()
for each open neighborhood U of x. The set of all §-cluster points of A is called the §-closure
of A and is denoted by 6-cl(A). If A = §-cl(A), then A is called 6-closed [22], and the
complement of a d-closed set is called §-open. The set {x|(3U € O(X,x))(int(cl(U)) C A)}
is called the 0-interior of A and is denoted by d-int(A).

(b) B-open [1] if A C cl(int(cl(A))). The complement of a B-open set is called [3-closed.
The intersection of all B-closed sets containing A is called the 5-closure of A and is denoted
by B-cl(A). The union of all B-open sets of X contained in A is called the -interior of A
and is denoted by B-int(A).

(c) a-open [10] if A C int(cl(6-int(A))). The complement of an a-open set is called
a-closed [10]. The intersection of all a-closed sets containing A is called the a-closure [10]
of A and is denoted by a-cl(A). The union of all a-open sets of X contained in A is called
the a-interior [10] of A and is denoted by a-int(A).

(d) e*-open [11] if A C cl(int(d-cl(A))). The complement of an e*-open set is called
e*-closed [11]. The intersection of all e*-closed sets containing A is called the e*-closure
[11] of A and is denoted by e*-cl(A). The union of all e*-open sets of X contained in A is
called the e*-interior [11] of A and is denoted by e*-int(A).

(e) w-open [6] (resp. wpB-open [2]) if for every x € A there exists an open (resp. (-
open) set U containing x such that U \ A is countable. The complement of an w-open set
(resp. wpB-open set) is said to be w-closed (resp. wB-closed).

The family of all regular open (resp. regular closed, -open, (-closed, a-open, a-
closed, e*-open, e*-closed, w-open, w-closed, wf-open, wi-closed) subsets of X is denoted
by RO(X) (resp. RC(X), fO(X), BC(X), aO(X), aC(X), e*O(X), e*C(X), wO(X),
wC(X), wBO(X), wBC(X)). The family of all regular open (resp. regular closed, S-open,
B-closed, a-open, a-closed, e*-open, e*-closed, w-open, w-closed, wB-open, wp-closed) sets
of X containing a point x of X is denoted by RO(X,z) (resp. RC(X,z), fO(X, z),
BC(X,x), aO(X,z), aC(X,x), e*O(X,z), e*'C(X,z), wO(X,z), wC(X, ), wBO(X,x),
wpC (X, x)).

Definition 2. Let A be a subset of a space X. A is said to be we*-open [19] (resp. wa-
open [19]) if for every x € A, there exists an e*-open (resp. a-open) set U containing x
such that U\ A is countable. The complement of an we*-open (resp. wa-open) set is called
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we*-closed (resp. wa-closed). The family of all we*-open (resp. we*-closed, wa-open, wa-
closed) sets of X will be denoted by we*O(X) (resp. we*C(X), waO(X), waC(X)). The
family of all we*-open (resp. we*-closed, wa-open, wa-closed) sets of X containing a point
x of X will be denoted by we*O(X,z) (resp. we*C(X,x), waO(X,x), waC(X,x)).

open. — [(B-open — €e*-open

i i i

w-open — wf-open — we*-open <+ wa-open

Definition 3. [19] Let A be a subset of a space X. The union of all we*-open subsets of
X contained in A is called the we*-interior of A and is denoted by we*-int(A).

Theorem 1. [19] Let A be a subset of a space X. Then the following properties hold:
(a) we*-int(A) C A,

) we*-int(A) € we*O(X),

) x € we*-int(A) if and only if there exists U € we*O(X, x) such that U C A,

) AC B = we* mt(A) C we*-int(B),

) we*-int(A) Uwe*-int(B) C we*-int(AU B),

) we*-int(AN B) C we*-int(A) Nwe* —int( ),

) A € we*O(X) if and only if A = we*-int(A),

) we*-int(we*-int(A)) = we*-int(A).

(b
(c
(d
(e
(f
(9
(h

Definition 4. [19] Let A be a subset of a space X. The intersection of all we*-closed
subsets of X containing A is called the we*-closure of A and is denoted by we*-cl(A).

Theorem 2. [19] Let A and B be two subsets of a space X. Then the following properties
hold:
(a) A Cwe*-cl(A),
b) we*-cl(A) € we*C(X),
c) x € we*-cl(A ) zf and only if ANU # 0 for every U € we*O(X, x),

f) we* cl(A N B) - we*—cl(A) Nwe*-cl(B),
g9) A € we*C(X) if and only if A= we*-cl(A),
h) we*-cl(we*-cl(A)) = we*-cl(A),

(1) we*-cl(X \ A) = X \ we*-int(A).

Lemma 1. [19] Let X be a topological space. Then the following properties hold:
(a) The union of any family of we*-open sets is we*-open,
(b) The intersection of an wa-open set and an we*-open set is we*-open.

Definition 5. Let A be a subset of a space X. The intersection of all open sets in X
containing A is called the kernel [17] of A and is denoted by ker(A).

Lemma 2. [17] The followings hold for subsets A and B of a space X.
(a) x € ker(A) if and only if ANF # 0 for any F € C(X,x),
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(b) A C ker(A),
(c) If A is open in X, then A = ker(A),
(d) If A C B, then ker(A) C ker(B).

Definition 6. A function f : X — Y is called:

a) e*-continuous [11] if f~1[V] € e*O(X) for each open set V of Y,

b) B-continuous [1] if f~1[V] € wBO(X) for each open set V of Y,

¢) w-continuous [15] if f~1[V] € wO(X) for each open set V of Y,

d) wpB-continuous [3] if for each x € X and each open set V in'Y containing f(x), there
exists an wB-open U in X containing x such that flU] CV,

(e) we*-continuous [19] at a point x € X if for every open set V in'Y containing f(x),
there exists an we*-open set U in X containing x such that f[U] C V.

(
(
(
(

Definition 7. Let A be a subset of a space X. A is said to be generalized closed [14](briefly,
g-closed) (resp. generalized w-closed [5](briefly, gw-closed), generalized 3-closed [21](briefly,
gB-closed), generalized e*-closed [12](briefly, ge*-closed), generalized w3-closed [4](briefly,
gwfB-closed)) if cl(A) C U (resp. w-cl(A) C U, B-cl(A) CU, e*-cl(A) CU, wp-cl(A) CU)
whenever U € O(X) and A C U. The complement of a g-closed (resp. gw-closed [5],
gB-closed [21], ge*-closed [12], gwB-closed [}]) set is called a generalized open (briefly, g-
open)(resp. generalized w-open [5](briefly, gw-open), generalized 3-open [21](briefly, gB-
open), generalized e*-open [12](briefly, ge*-open), generalized wfB-open [4](briefly, gwS-
open)). The family of all g-closed (resp. gw-closed [5], gB-closed [21], ge*-closed [12],
gwp-closed [4]) sets of X will be denoted by gC(X) (resp. gwC(X), gB8C(X), ge*C(X),
gwpC(X)). The family of all g-open (resp. gw-open [5], gB-open [21], ge*-open[12],
gwpB-open [4]) sets of X will be denoted by gO(X) (resp. gwO(X), gB0(X), ge*O(X),
gwBO(X)).

3. Generalized we*-closed Sets

Definition 8. A subset A of a space X is called generalized we*-closed set (briefly,
gwe*-closed set) if we*-cl(A) C U whenever U € O(X) and A C U. We denote the family
of all generalized we*-closed subsets of a space X by gwe*C(X).

Proposition 1. Let X be a topological space. Then the followings hold:
(a) If X is a countable space, then gwe*C(X) = 2%,
(b) If we*O(X) = we*C(X), then gwe*C(X) = 2.

Proof. (a) Let A € 2X and A C U € O(X).

|X| <Ry = we*C(X) = 2% }

AeoX (= A€ we'C(X) = we*-cl(A)=A }:>

ACUeOX)

= we*-cl(A) CU
This means that A € gwe*C(X). Then we have 2% C gwe*C(X). On the other hand, we
have always gwe*C(X) C 2%. Therefore gwe*C(X) = 2¥.
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(b) Let A€ 2¥ and A C U € O(X).

ACU € 0O(X) . . B
O(X) C we*O(X) = we*C(X) } = we*-cl(A) Cwe*-cl(U) =U

This is means that A € gwe*C(X). Then we have 2% C gwe*C(X). On the other hand,
we have always gwe*C(X) C 2X. Therefore gwe*C(X) = 2%.

Remark 1. The following diagram follows immediately from the definitions in which none
of the implications is reversible. Also, examples for the other implications are shown in
the related papers.

closed — w-closed

| !

g-closed — gw-closed

! !

gB-closed — gwf-closed

! !

ge*-closed — gwe™*-closed

I I

e*-closed — we*-closed
Figure 1: Relationships between some types of closed sets
Example 1. Let X = {a,b, c} with the topology 7 = {0, X, {a}, {b},{a,b}} and A = {a,b}.

Then A is gwe*-closed since X is countable. But A is not ge*-closed since A C {a,b} €
O(X) but e*-cl(A) = X ¢ {a,b}.

QUESTION: Is there an example of gwe*-closed set which is not we*-closed?

Theorem 3. Let A be a subset of a space X. If A is gwe*-closed, then we*-cl(A)\ A does
not contain any non-empty closed sets.

Proof. Suppose that F € C(X)\ {0} and F C we*-cl(A) \ A.
(FeCX)\{0})(F Cwe*~cl(A)\A) = ACX\FeO

= we'-cl(A) C X\ F=F CX \we*cl(A) F—y
F Cwe*-cl(A)\ A N
This contradicts with F' # ().

Theorem 4. Let A be a gwe*-closed subset of a space X. Then A is we*-closed if and
only if we*-cl(A) \ A is closed.

Proof. (=) : It is obvious.
(<) : Let we*-cl(A)\ A € C(X).
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A€ guerC(X) BN (VF e C(X)F £0 = F ¢ wecl(A)\ 4] | _
we*-cl(A)\ A e C(X)
= we*-cl(A)\ A=0= we*-cl(A) C A . B .
AC X = A C wecl(A) = we*-cl(A) = A= A c we*C(X).
Definition 9. A space X is called an we*-locally indiscrete space if every open set is
we*-closed set.

Proposition 2. Let X be a topological space. Then the following are equivalent.
(a) X is we*-locally indiscrete;
(b) Every subset of X is gwe*-closed.

Proof. (a) = (b) : Let ACU € O(X).

Hypothesis } = ACU cwe*C(X) = we*-cl(A) Cwe*-cl(U) =U.
(b) = (a) : Let U € O(X).
U e O(X) }
= U € gwe*C(X) . *
. C :
Hypothesis U e O(X) = we*-cl(U) CU = U € we*C(X)

Theorem 5. Let A be a subset of a space X. If A is both gwe*-closed and open, then
we*-cl(A)\ A= 0.

Proof. Let A € O(X) N gwe*C(X).
AeOX)NgweC(X) = (A€ O(X))(A € gwe*C(X))
= (A€ O0(X))(VU € O(X))(ACU = we*-cl(A) CU)
= we*-cl(A) C A
= we*-cl(A)\ A = 0.

Theorem 6. Let A and B be subsets of a space X. If A is gwe*-closed and B is any set
such that A C B Cwe*-cl(A), then B is gwe*-closed.

Proof. Let B C U € O(X).
B CUeO(X)
- C C C *_ C
Hypothesis } = (ACBCU)(ACBCwecl(A) CU)
= we*-cl(A) C we*-cl(B) C we-cl(we*-cl(A)) = we*-cl(A) C U.

Definition 10. Let A be a subset of a space X. A point x € X is said to be an we*-limit
point of A if for each we*-open set U containing x, we have U N (A\ {z}) # 0. The set of
all we*-limit points of A is called the we*-derived set of A and is denoted by Dye+(A).

Lemma 3. Let A be a subset of a space X. If D(A) = D+ (A), then cl(A) = we*-cl(A).

Proof. 1t is clear.
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Proposition 3. Let A and B be two subsets of a space X. Then the following properties
hold:
(a) Dyer(A) Cwe*-cl(A),

(b) AC B = Dyex(A) C Dyex(B),

(€) Dyex(A) U Dyes (B) € Dyex-cl(AU B),
(d) Dyes-cl(AN B) C Dyex-cl(A) N Dyex-cl(B),
(€) Duw+(A) € D(A),

(f) A € we*C(X) if and only if Dyex(A) C A,
(9) AU Dgyex(A) € we*C(X),

(h) we*-cl(A) = AU Dy (A).

Proof. The proofs of above results are standard. Hence, they are omitted.

Corollary 1. Let A be a subset of a space X. If D(A) C Dye+(A), then for any subsets
F and B of X, we have we*-cl(F U B) = we*-cl(F) Uwe*-cl(B).

Proof. Tt is obvious.

Proposition 4. Let A and B be subsets of a space X. If A and B are gwe*-closed sets
such that D(A) C Dyex(A) and D(B) C Dy (B), then AU B is gwe*-closed.

Proof. Let AUB CU € O(X).
AUBCU€O(X)= (ACU € O(X))(BCU € O(X)) };s
A, B € gwe*C(X)
= (we*-cl(A) CU)(we*-cl(B) CU) }
(DU € Duc DNDIB) € D ()
= cl(AUB) =c(A)Ud(B) = we*-cl(A) Uwe*-cl(B) = we*-cl(AU B) C U.

Proposition 5. Let A and B be subsets of a space X. Then the following properties hold:
(a) If A is open and gwe*-closed and B is we*-closed, then AN B is gwe*-closed,
(b) If A is gwe*-closed and B is closed, then AN B is gwe*-closed.

Proof. (a) Let A € O(X) N gwe*C(X).
A€ O(X) N gue*C(X) =™ 5 et cl(A)\ A =0 = we*-cl(A) = A
= g E Z:gg; } = AN B € we*C(X) C gwe*C(X).
(b) Let ANB C U € O(X).
ANBCU e 0(X)
BeC(X)=X\BeOX) }
= AC(ANB)U(X\B)CUU(X\B) e O(X)
A € gwe*C(X) } =
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= we-cl(A) CUU (X \ B) = we*-cl(ANB) C we*-cl(A) Nwe*-cl(B)
C we*-c(A)N cl( )
= we*-cl(A)N
c wom B
= UNB
c U

Theorem 7. Let A be a subset of a space X. A is gwe*-closed if and only if cl({z})NA # 0
for every x € we*-cl(A).

Proof. (=) : Suppose that x € we*-cl(A) and cl({z})NA = 0.

A({z)NA=0= AC X\ cil({ex;z;gg 3 } = we'-cl(4) € X \ d({z})

= x ¢ we*-cl(A)
This contradicts with x € we*-cl(A).
(<) :Let ACU € O(X) and = € we*-cl(A).

" raothers } = And({a}) £0 = (y € X)y € And({z})

= (ye i)(g;ffel(({)ﬂgg; } = (ye ACU € O(X))(y € cd({z}))

= U eOoX,y)(yecd{z})=Un{z} #0=2z€U.

Theorem 8. Let X be a space. For an element v € X, either {x} is closed or X \ {z} is
gwe*-closed.

Proof. Suppose that {z} ¢ C(X).

(e} ¢ C(X) T{f}\ (¢ 8§§§ } = wecl(X \ {z}) C wer-cl(X) = X,

Definition 11. A space X is said to be an we*-T% space if for every generalized we*-closed
set is we*-closed.

Example 2. Any set with indiscrete topology is an example for an we*-T1 space.
2

Theorem 9. Let X be a space. X is an we*-T1 space if and only if every singleton is
2
etther closed or we*-open.
Proof. (=) : Suppose that {z} ¢ C(X).

(e} ¢ C(X) T°ETE X\ (o) € gueC(X)

X is we* TlSpace :>X\{$} € we C(X)
2

= {2} € we*O(X).

(<) : Let A € gwe*C(X) and x € we*-cl(A).
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Ist case: Let {z} € C(X) and suppose that x ¢ A.
({o} € i(é(o)u)e(’fic%(ﬁg } =z cwe*-cl(A)\ A= {z} Cwe*-cl(A)\ A
This result contradicts with Theorem 3. Hence, € A. This means that we*-cl(A) C A.
Then, we have A € we*-closed.
2nd case: Let {z} € we*O(X).
x € we*-cl(A) = (VU € we*O(X,x))(UN A #0)
{z} € we*O(X) }
= ({z} eweO(X,2)){z}NA#£D) =z € A
This means that A is we*-closed.

Definition 12. A space X is said to be an e*-anti-locally countable if each U € e*O(X) \
{0} is uncountable.

Theorem 10. Let X be a space. If X is e*-anti-locally countable and we*-T1 space, then
2
X is 1y space.

Proof. Let x € X and suppose that {z} ¢ C(X).
{2} ¢ C(X) =™ X\ {2} € gwerC(X)
X is we*—T%
=z e {z} eweO(X) = (U € e*O(X,2))(|U \ {z}| < o)
This contradicts the fact that X is e*-anti-locally countable. Then, {z} € C(X) for all
x € X. Namely, X is T space.

= X\ {z} € we*C(X)

Proposition 6. Let A be a subset of a space X. A is gwe*-closed set if and only if
we*-cl(A) C ker(A).

Proof. (=) : Let A € gwe*C(X).
A€ gwe*C(X) = (VYU € O(X))(A CU = we*-cl(A) C
ker(A) :=n{U|(ACU)(U € O(X))}
(<):Let ACU € O(X).

ACU = ker(A) C ker(U) }

* - -
Hypothesis = we*-cl(A) C ker(A) < llzer(U) } N

UeOX)=U
= we*-cl(A) C U.

4. Generalized we*-open Sets and Generalized we*-neighborhoods

Definition 13. A subset A of a space X is called generalized we*-open if its complement
is generalized we*-closed. We denote the family of all generalized we*-open subsets of a
space X by gwe*O(X).
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Corollary 2. Let A be a subset of a space X. A is gwe*-open set if and only if F C
we*-int(A), where F' is closed set and F C A.

Proof. (=) : Let A € gwe*O(X) and F € C(X) such that F C A.
A€ gwerO(X) = X\ A € gwe*C(X) } N
ADFeC(X)=X\ACX\FeOX)
= we'-cl(X \A) = X \we™int(A) C X \ F = F Cwe*-int(A).

(<):Let X\ ACU € O(X).
X\ACU€eO(X)= (X\U e C(X))(X\UC A)
Hypothesis

= we'-cl(X \ A) = X \we*-int(A) C U.

} = X\ U Cwe*-int(A)

Proposition 7. Let A and B be subsets of a space X. If we*-int(A) C B C A and A is
gwe*-open, then B is gwe*-open.

Proof. 1t is clear from Theorem 6.

Proposition 8. Let A be a subset of a space X. If A is gwe*-closed, then we*-cl(A)\ A
18 gwe*-open.

Proof. 1t is clear from Theorem 4.

Remark 2. Let A be a subset of a space X. Then we*-int(we*-cl(A)\ A) = (.

Proposition 9. Let A and B be two subsets of a space X. If A C B C X andwe*-cl(A)\ A
is gwe*-open, then we*-cl(A) \ B is gwe*-open.

Proof. Let F' € C(X) such that F' C we*-cl(A) \ B.
A C B = we*-cl(A)\ A Cwe*-cl(A) \ B) }
(F e C(X))(F Cwe*-cl(A)\ B)
= (F e C(X))(F Cwe*-cl(A)\ A Cwe*-cl(A)\ B) | Corollary 2
we*-cl(A) \ A € gwe*O(X) } =
= F Cwe*-int(we*-cl(A) \ A) C we*-int(we*-cl(A) \ B).

Proposition 10. Let A be a subset of a space X. If A is gwe*-open, then U = X whenever
U is open in X and we*-int(A)U (X \ A) CU.

Proof. Let we*-int(A) U (X \ A) CU € O(X).
we*-int(A) U(X\A) CUe€eO(X)= (X\UeCX))(X\UCX\ [weint(A) U (X \ A)]
= (X\UeCX)(X\UCX\ |[we-int(A) U(X \ A)] =we*-cl(X\A)\ (X \A) }
A€ gwerO(X) = X\ A € gwe*C(X)
Theorem 3

= "X\U=0=XCU |\ . y_x
UCX
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Theorem 11. Let A and B be two subsets of a space X. Then the following properties
hold:

(a) If A is gwe*-open and B is wa-open, then AN B is gwe*-open,

(b) If B is gwe*-open and we*-int(B) C A, then AN B is gwe*-open.

Proof. (a) Let F' € C(X) such that F C AN B.
(F S C(X))(F C AN B) = (F € C(X))(F CANBC A) Corollary 2
=
A € gwe*O(X)
= F Cwe*-int(A)
B € waO(X)

(b) Let B € gwe*O(X) and we*-int(B) C A.
we*-int(B) C A= BNuwe*-int(B) CANBCB
B € gwe*O(X)

} = F = FNB Cwe*int(A) N B = we*-int(AN B).

} Propostion T 4 p e gwe*O(X).

Definition 14. Let X be a space and x € X. A subset N of X is called a gwe*-
neighborhood of x if there exists a gwe*-open set U such that x € U C N. The set of
all gwe™-neighborhoods of x is called the gwe*-neighborhood system at x, and is denoted by

Ngwer ().

Definition 15. Let X be a space and A C X. A subset N of X is called a gwe*-
neighborhood of A if there exists a gwe*-open set U such that AC U C N.

Corollary 3. Let X be a space and x € X. FEvery neighborhood N of x is a gwe*-
neighborhood of x.

Remark 3. A gwe*-neighborhood N of x in a space X need not be a neighborhood of x
as shown by the following example.

Example 3. Let X = {a,b,c,d} with a topology 7 = {0, X, {a}, {b}, {a,b},{a,b,c}} and
A ={a,c}. Since X is countable, gwe*O(X) = 2%. Then, A is a gwe*-neighborhood of the
point ¢, since {c} is gwe*-open set such that ¢ € {c} C {a, c}. However, the set {a, c} is not
a neighborhood of the point ¢, since there exists no open set U such that ¢ € U C {a, c}.

Theorem 12. Let N be a subset of a space X and x € X. If N is gwe*-open, then N is
a gwe*-neighborhood of x.

Proof. 1t is clear.

Theorem 13. Let N and F' be two subsets of a space X and x € X. If F' is gwe*-closed
and © € X \ F, then there exists a gwe*-neighborhood N of x such that N N F = ().

Proof. 1t is clear.
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Theorem 14. Let N be a subset of a space X and x € X. Then the following properties
hold:

(a) For allz € X, Ngwer(z) # 0,

(b) If N € Nyye- (), then x € N,

(€) If N € Nywe () and N C M C X, then M € Nyyex(x),

(d) If N € Nygex(x), then there exists M € Ngpex () such that M C N and N € Nype+ (y)
for every y € M.

Proof. Straightforward.

Definition 16. Let A be a subset of a space X. The intersection of all generalized we*-
closed (resp. generalized closed [14]) subsets of X containing A is called the general-
ized we*-closure (resp. generalized closure [14]) of A and is denoted by gwe*-cl(A) (resp.

g-cl(A)).
The proofs of the following results are standard, hence they are omitted.

Theorem 15. Let A and B be subsets of a space X and x € X. Then the following

properties hold:

(a) x € gwe*-cl(A) iff VN A £ for every gwe*-open set V' containing .,
b) gwe*-cl(0) =0 and gwe* (X)) =X,
c) If A C B, then gwe*-cl(A) C gwe*-cl(B),

d) A C gwe*-cl(A) Cwe*-cl(A) C cl(A),

e) AC gwe -cl(A) C g-cl(A) C cl(A),

f) gwe*-cl(A) U gwe*-cl(B) C gwe*-cl(AU B),

g) gwe*-cl(AN B) C gwe*-cl(A) N gwe*-cl(B),

h) A € gwe*C(X) if and only if A = gwe*-cl(A),

i) gwe —cl( ) = gwe*-cl(gwe*-cl(A)),

J) gwe*-cl(A) € gwe*C(X).

Definition 17. Let X be a topological space.
(a) [14] 7 ={U C X[cI"(X\U) = X \ U},
(0) 5 ={V C X|gwe*-c(X \V)=X\V}.

Proposition 11. For a subset A of X, the following properties hold:
(a) T Cwe*O(X) C 77,0,
(

b) T C gO(X) C 7" C 7}

Theorem 16. Let X be a topological space. If the family gwe*O(X) is a topology on X,
then the family 7).+ is a topology on X.

Proof. 1t is obvious that 0§, X € 7/... Let A, B € 7.
A, BeTt).= (gwe-c(X \A) =X\ A)(gwe*-cl(X \ B) =X\ B) } N
gwe*O(X) is a topology on X
= gwe*-cl(X \ A) Ugwe*-cl(X \ B) = (X \A)U(X\B)
= gwe*-cl((X\A)U (X \ B)) = gwe*-c(X\(ANB)) =X\ (ANB)
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= ANB e}

Now, let A C 7.
Ac ACT! . = gwe-c(X\A) =X \A= X\ A€ gwe*C(X) } N
gwe*O(X) is a topology on X
S X\ (UA) = Naca(X \ A) € e C(X)
= guet-cl(Naca(X \ 4)) = Naca(X \ 4) = X \ (UA)
= gwe*-cl(X \ (UA)) = X \ (UA)
= UA € 7).

Theorem 17. Let X be a topological space. Then the following properties hold:
(a) A space X is we*-T1 if and only if 7).« = we*O(X),

2
(b) Every gwe*-closed is closed if and only if 75« = T.

Proof. (a) (=) : Let A € 7} .
Aetia=X\A=gwe*c(X\A) =X\ Ac gwe*C(X)
X is we*—T%

= X\ Acwe'C(X)= AcweOX).

(<) : Let A € gwe*C(X).
A€ gwerC(X) = A= gwe*-cl(A) = X\ A e}

Hypothesis } = X\ A €werO(X)

= A € we*C(X).

(b) (=) : Let A € 1}.
AeTia =X \A=gwe*c(X\A) =X\ Ac gwe*C(X)
Hypothesis

= X\AelCX)=>Aer.

(<) : Let A € gwe*C(X).
AegweC(X):>A:gwe—cl(A):>X\A€Twe.* = X\Aer
Hypothesis

= AecC(X).

5. gwe*-continuity, gwe*-irresoluteness and gwe*-closedness

Definition 18. A function f : X — Y is said to be gwe*-continuous (resp. gwp-
continuous [4]) if f71[V] is gwe*-closed (resp. gwp-closed [4]) in X for every closed
set V of Y.

Corollary 4. Let f : X — Y be a function. f is gwe*-continuous if and only if the inverse
image of every open set in'Y is gwe*-open in X.
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Remark 4. FEvery continuous function is gwe*-continuous but the converse need not to
be true as shown by the following example.

Example 4. Consider the real numbers R with usual topology and let Y = {1,2} with the
topology T = {0,Y,{1}}. Define the function f : R =Y by

1, r€eQ
f(ac)—{2 , te€R\Q °

Then the function f is gwe*-continuous but not continuous since f~1[{2}] =R\ Q is not
closed in R.

Remark 5. Let f : X — Y be a function. Then the following properties hold:

(a) If TS« = T in X, then the notion of continuity and the notion of gwe*-continuity
coincide.

(b) Every gwe*-continuous function defined on we*-T% space is we*-continuous.

Remark 6. The following diagram follows immediately from the definitions in which none
of the implications is reversible.

continuous — wf-continuous — gwp-continuous

3 L 3

e*-continuous — we*-continuous — gwe*-continuous

Theorem 18. Let f : X — Y be a function. If f is gwe*-continuous, then f[gwe*-cl(A)] C
cl(f[A]) for every subset A of X.

Proof. Let A C X.
AC X =d(f[A]) e C(Y)
f is gwe*-continuous

} = FVel(f[A])] € guwetC(X)

= gwe*~cl(fel(fIA])]) = f~ [cl(f[A])] }:>
AC fHFIAL C £ (FIAD] = gwe*-cl(A) € gwe” cl( Hel(f1AD])
= gwe*~cl(A) C fH[cl(f[A])]
= flgwer-cl(A)] C cl(f[A]).

Theorem 19. Let f : X — Y be a function. If for each point x € X and each open set

V' containing f(x) there exists a gwe*-open set U containing x such that f[U] C V, then
flgwe*-cl(A)] C cl(f[A]) for every subset A of X.

Proof. Let y € flgwe*-cl(A)].
y € flgwe™-cl(A)] = (3x € gwe™-cl(A))(f(x) = y)
> (0 €O A £ 1) ]
Hypothesis
= (VW € OY, f(2)))(U € gwe*O(X, 2))(0 # f[UNA] C f[U] N fIA] €V N fA])
=y = [f(z) € c(f[A)).
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Theorem 20. Let f : X — Y be a function. Then the following statements are equivalent:
(a) f[gwe* -cl(A)] C cl(f[A]) for every subset A of X;
(b) If 7).« is a topology on X, then f: (X, 7}..) — (Y,0) is continuous.

Proof. (a) = (b) : Let A€ C(Y).
-1
AcC) =/l c X } = flgwer-cl(FYAD)] € d(f1f1A]) C cl(A) = A

Hypothesis
= gwe*-cl(f'[A]) C f~[A] AT — et
2l b= = et )
= X\ fUA] € Ther = fTA] € C(X, 770).
(b) = (a): Let A - X
ACX =d(flA
Hypothes1s

= fH(f[A])] € C(X, 75
= gwe*~cl(A) C gwe~cl(fel(f[A])]) = f~cl(f[A])]
= flgwer-cl(A)] C cl(f[A]).

} S X\ FUA(FIAD] € e
)

Definition 19. A function f : X — Y is said to be pre-we*-closed if f[F] is we*-closed
in'Y for every we*-closed set F' of X.

Definition 20. A function f : X — 'Y is said to be pre-qwe*-closed if f[U] is gwe*-closed
in'Y for every gwe*-closed set U of X.

Theorem 21. Let f: X — Y be a function. If f is continuous and pre-we*-closed, then
f is pre-gwe*-open.

Proof. Let A € gwe*C(X) and f[A] CU € O(Y).
(A € gwe*C(X))(f[A] CU € O(Y)) } N

f is continuous

= (AC f[U] € O(X))(we™cl(A) € fU]) = flwe™-cl(A)] C U } N

f is pre-we*-closed function

= we*-cl(f[A]) Cwe*-cl(flwe*-cl(A)]) = flwe*-cl(A)] C U.

Definition 21. A function f : X — Y is said to be gwe*-irresolute if f~*[V] is gwe*-closed
in X for every gwe*-closed set V of Y.

Corollary 5. Let f : X — Y be a function. f is gwe*-irresolute if f~[V] is gwe*-open
in X for every gwe*-open set V of Y.

Proposition 12. Let f : (X,7) — (Y,0) be a function. If f is gwe*-continuous and

Oper = 0 holds, then f is gwe*-irresolute.

The proof follows from Remark 5.
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Theorem 22. Let f: X — Y be a function. If f is an we*-irresolute open bijection, then
f is gwe*-irresolute.

Proof. Let F € gwe*C(Y) and f~1[F] CU € O(X).
fHFICU € 0(X) }

f is open bijection [ = T S /U1 € O(Y)

F e gwe*C(Y) } = wer-el(F) < J1U]
f is we*-irresolute
= we-cl(f7HF)]) C we*-cl(fwe*-cl(F)]) = ftwe*-cl(F)] C U.

= fHwe*-cl(F)] CU }

Theorem 23. Let f: X =Y and g: Y — Z be any two functions. Then the following
properties hold:

(a) If g is continuous and f is gwe*-continuous, then go f is gwe*-continuous,

(b) If g is gwe*-irresolute and f is gwe*-irresolute, then g o f is gwe*-irresolute,

(c) If g is gwe*-continuous and f is gwe*-irresolute, then g o f is gwe*-continuous,

(d) If g is gwe*-continuous and f is we*-irresolute and Y is we*—T% space, then go f is
we* -continuous,

(e) If g and f are gwe*-continuous and o« = o, then go f is we*-continuous.

Proof. Straightforward.

Theorem 24. Let f : X — Y be a function. Then the following properties hold:
(a) If f is gwe*-irresolute and X is we*-T1 space, then f is we*-irresolute,

2
(b) If f is gwe*-continuous and X is we*-T1 space, then f is we*-continuous.

2

Proof. Straightforward.

Theorem 25. Let f: X — Y be a pre-we*-closed and gwe*-irresolute surjection. If X is
we*-Th space, then Y is we*-T1 space.
2 2

Proof. Let F € gwe*C(Y).

—1 *
= f [F] i{g;:ewgk(:gl) } - f_l[F] c we*C’(X)

f is gwe*-irresolute

F € gwe*C(Y) }

= FUF) € werC(X) T
f is pre-we*-closed surjection = [l Fl] = F €werCY).
Definition 22. A function f : X — Y is said to be g*we*-continuous if f~[V] is gwe*-
closed in X for every we*-closed set V' of Y.



P. Sagmaz, M. Ozko¢ / Eur. J. Pure Appl. Math, 15 (2) (2022), 354-374 370

Remark 7. Recall that every gwe*-irresolute function is g*we*-continuous function and
every g*we*-continuous function is gwe*-continuous function.

Proposition 13. Let f : X — Y be a function. If f is an open bijection and g*we*-
continuous, then f is gwe*-irresolute.

Proof. Let A € gwe*C(Y) and f~[A] CU € O(X).
FUAl CU € O(X) }

f is open bijection = flIf YAl =AC flUl € O(Y)

A € gwe*C(Y)
= fHwe*-cl(A)] C U . *
f 1]; g*[we*—co(nti)imus } =f l[we -cl(A)] € gwe*C(X)

= we*-cl(f7A]) C we*-cl(fHwe*-cl(A)]) C U.

} = we*-cl(A) C f[U]

Proposition 14. Let f : X = Y be a pre-we*-closed and g*we*-continuous bijection open
function. If X is we*-T1 space, then Y is we*-T1 space.
2 2

Proof. Let A € gwe*C(Y).

A € gwe*C(Y) Propos:igion 13 f
f is g*we*-continuous open bijection

~1[A4] € gwe*C(X)

X is we*—T% space
= f1A] € we*C(X)

f is pre-we*-closed bijection

} = ff Al = A € we*C(Y).

Definition 23. A function f: X — Y s said to be gwe*-closed if f[F] is gwe*-closed in
Y for every closed set F' of X.

Remark 8. Every closed function is gwe*-closed function but not conversely.

Example 5. Let X = {1,2} with the topologies 7 = {X,0,{1}} and 0 = {X,0,{2}}. Let
f:(X,7) = (X,0) be the identity function. Then f is gwe*-closed but not closed since
fI{2}] = {2} is not closed in X.

Theorem 26. Let f : X — Y be a function. Then, [ is gwe*-closed if and only if for
each subset S of Y and for each open set U containing f~1[S], there exists a gwe*-open
set V of Y such that S CV and f~[V] C U.

Proof. (=) :Let S CY and f1[S] CU € O(X).
FUSICU € 0(X) = (X\U e C(X))(X\UC X\ f[S]) }
f is gwe*-closed
= (fIX\U] € gweCY))(FIX\U] C FIX\ S = fIf 'Y\ S €Y\ S)
= Y\ fIX\U] € gwerO(Y))(S S Y\ fFX\U]) }
V=Y \ fIX\U]
= (V € gwe*O(Y))(S C V) (f~ V] C U).
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(<) : Let F e C(X).
FeCOX)= fTY\fIF]CX\FeO(X) }
Hypothesis
= (AV € guerOY))(Y \ fIF]CV)(f V]S X\ F)
= AV e guerO(Y)) (Y \V C fIF] C fFIX\ fHV] CY\V)
= Y\ Ve gwerC(Y))(Y\V = f[F])
= f[F] € gweC(Y).

Theorem 27. Let f : X — Y be a function. If f is gwe*-closed, then gwe*-cl(f[A]) C
flel(A)] for every subset A of X.

Proof. Let A C X.

ACX = cl(A) € C(X) )
[ is gwe*-closed } = [lcl(A)] € gwe*C(Y)

= gque*-cl(f[A]) € gwe*-cl(f[el(A)]) = Flel(A)).

Theorem 28. Let f: X = Y be a function. If f is continuous, gwe*-closed and A is a
g-closed subset of X, then f[A] is gwe*-closed.

Proof. Let f[A] CU € O(Y).

fIAICU € 0(Y) _
f is continuous } = AC [T /T € (X§ } = cl(A) C fU]

A € gC X
= (cl(4) € C(X))(f[A] € flel(A)] € } N
fis gwe Closed

= (flel(A)] € gwerC(Y))(f[A] € fle ( ) cU)
= we™-cl(f[A]) C we-cl(f[cl(A)]) <

Theorem 29. Let f: X = Y be an open bijection. If [ is g*we*-continuous, then f is
gwe*-irresolute.

Proof. Let V € gwe*C(Y) and f~1[V] CU € O(X).
(V € guerC(Y))(f'[V] S U € O(X)) }
f is open bijection
= (flf 'Vl =V C flU] € O(}Tf))(we*_d(‘/) c flu)) } N
is g*we*-continuous
= (fHwe*-cl(V)] € gwe*C( ))(f Hwe*-cl(V)] € U)
= we*-cl(f7HV]) C we-cl(ftwe*-cl(V)]) C U.

Theorem 30. Let f: X — Y be a function. If f is a continuous pre-we*-closed bijection,
then the inverse function of f is gwe*-irresolute.

Proof. Let A € gwe*C(X) and (f~1)71[A] = f[4] CU € O(Y).
fIAICU € OY) }

f is continuous

= AC fHU] € O(X)
A € gwe*C(X) }:>
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= we*-cl(A) C f71U] } N
f is a pre-we*-closed bijection

= Ul el(d)] € e CONA) € fluel()] € f1H ) = )
= we*-cl(f[A]) C we*-cl(flwe*-cl(A)]) C

:\\‘
—~
~—

Theorem 31. Let f : X — Y and g : Y — Z be two functions. If f is a continuous
surjection and g o f is gwe*-closed, then g is gwe*-closed.

Proof. Let V € C(Y).

Vecy) _
f is continuous } = ffl[V] € C(X) } =

is surjective

= glflf VI = (go HIF V] = gV] )
’ ’ gofis gwe*—clgsed } = g[V] € gwe*C(X).

Theorem 32. Let f : X — Y be a function. If f is gwe®-closed continuous and X is
normal, then Y is we*-normal.

Proof. Let A,B € C(Y) and AN B = 0.
(A, BeC(Y))(ANnB=10) } N
f is continuous
= (AL S Bl e CO)fHANB] = fHAIN fH[B] = f1[0] = 0) } N
X is normal
= (U € O(X, f_l[A]))(HV € O(X, f_l[B]))(U NV = @) } Theogim 26
f is gwe*-closed
= (3G, H € gue*O(Y))(AC G)(B C H)(f G| CU)(fHH] S V)[UNV = 0)
= (A Cwe*-int(G))(B Cwe*int(H))(ANB C GNH)(fHG) N f~H] = 0) } N
(U := we*-int(Q)) (V' := we*-int(H))
= (U € we*O(Y, A))(V' € we*O(Y, B))(U' NV =0).

Theorem 33. Let f : X = Y be a function. If f is a gwe*-closed continuous surjection,
we*-open and X is reqular, then Y is we*-regular.

Proof. Let y € Y and U € O(Y, y).

(y € Y)(U € O(Y,y))
f is continuous

= 3V € O(X,2))(V C (V) C f~H{U]) } N
f is gwe*-closed surjection
= (AV € O(X, 2))(f[cl(V)] € gwe*C(X))(y € f[V] C flcl(V)] CU) } N
f is we*-open
= (f[V] € werO(Y, y)) (we™-cl(f[V]) € we™cl(f[cl(V)]) € U).

b= @re W= @))€ OX.0) -

X is regular
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Conclusion

Many forms of generalized closed sets which are first defined by Levine [14] have been
studied by many authors in recent years. This paper is concerned with the notion of
generalized we*-closed sets which are defined by utilizing the concept of we*-open set.
We have seen that this concept is weaker than many generalized closed set forms in the
literature as will be seen in Figure 1. In addition, we gave some examples related to the
concept but we could not find an example generalized we*-closed set which is not we*-
closed. We believe that this study will help researchers to upgrade and support further
studies related to compactness and connectedness etc. Also, the objects considered in
the article may find an application in the area of both pure and applied sciences such as
computational topology and digital topology.

Acknowledgements

We would like to thank the anonymous reviewers for their careful reading of our
manuscript and their insightful comments and suggestions.

References

[1] M. E. Abd El-Monsef, S. N. El-Deeb, and R. A. Mahmoud. [-open sets and (-
continuous mappings. Bull Fac Sci Assiut Univ A, 12(1):77-90, 1983.

[2] H. H. Aljarrah, M. S. M. Noorani, and T. Noiri. On wf-open sets. submitted.

(3] H. H. Aljarrah, M. S. M. Noorani, and T. Noiri. On wf-continuous functions. Eur.
J. Pure Appl. Math., 5:129-140, 2012.

[4] H. H. Aljarrah, M. S. M. Noorani, and T. Noiri. On generalized wp-closed sets.
Missourt J. of Math. Sci., 26(1):70-87, 2014.

[5] K.Y. Al-Zoubi. On generalized w-closed sets. Int. J. Math. Math. Sci., 13:2011-2021,
2005.

[6] K. Y. Al-Zoubi and B. Al-Nashef. The topology of w-open subsets. Al-Manarah
Journal, 9:169-179, 2003.

[7] S. P. Arya and T. Nour. Characterizations of s-normal spaces. Indian J. Pure Appl.
Math., 21:717-719, 1990.

[8] B.S. Ayhan and M. Ozkog. On generalized e-closed set. J. Adv. Stud. Topol., 5(1):14—
21, 2014.

[9] B. S. Ayhan and M. Ozkoc. On mge-closed sets and related topics. J. Adv. Stud.
Topol., 7(2):93-100, 2016.



REFERENCES 374

[10]

[11]
[12]
[13]
[14]

[15]

[16]

[17]

E. Ekici. On a-open sets, A*-sets and decompositions of continuity and super-
continuity. Ann Univ Sci Budapest Edtvos Sect Math., 51:39-51, 2008.

E. Ekici. e*-open sets and (D, S)*-set. Math. Morav., 13(1):29-36, 2009.
S. Erdem, M. Ozkog, and T. Noiri. On e*-normal spaces. submitted.
H. Z. Hdeib. w-continuous functions. Dirasat Journal, 16(2):136-153, 1989.

N. Levine. Generalized closed sets in topological spaces. Rend. Circ. Mat. Palermo,
19:89-96, 1970.

H. Maki, K. Balachandran, and R. Devi. Associated topologies of generalized a-
closed sets and a-generalized closed sets. Mem. Fac. Sci. Kochi Univ. Ser. A Math.,
15:51-63, 1994.

H. Maki, J. Umehara, and T. Noiri. Every topological space is pre- T%. Mem. Fac.
Sci. Kochi Univ. Ser A Math., 17:33-42, 1996.

M. Mrsevic. On pairwise Ry and pairwise R; bitopological spaces. Bull. Math. Soc.
Sci. Math RS Roumano (N.S.), 30(78):141-148, 1986.

A. A. Omari and M. S. M. Noorani. On generalized b-closed sets. Bull. Malays. Math.
Sci. Soc., 32(1):19-30, 2009.

M. Ozko¢ and P. Sagmaz. On contra we*-continuous functions. Poincare J. Anal.
Appl., 8(1(1)):51-65, 2021.

M. H. Stone. Applications of the theory of boolean rings to general topology. Trans.
Amer. Math. Soc., 41:375-381, 1937.

S. Tahiliani. Generalized §-closed functions. Bull. Call. Math. Soc., 98:307-376, 2006.

N. V. Velicko. H-closed topological spaces. Amer. Math. Soc. Transl., 78(2):103-118,
1968.



