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ABSTRACT

In this paper, we obtain some new integral inequalities using beta-fractional integrals in the case of two
synchronous functions. For this purpose we state and prove several theorems. Our results are pioneer for the
literature of integral inequalities in beta-fractional integral sense.
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1. INTRODUCTION

Integral inequality based on fractional derivatives is a rising trend in mathematics. There are
several different fractional integral and derivative definitions. In 2014 [1], authors proposed a
relatively new fractional derivative definition so called beta-derivative which is the modified
version of oc-derivative defined by [2]. Some articles have been focused on analytical or
numerical solutions of the fractional differential equations involving beta-fractional derivative [3,
4,5, 6,7, 8]. Also interested reader can obtain more information on fractional integral inequalities
from recent articles [9, 10, 11]. Next, we give the definition of beta-fractional derivative.

Definition 1.1. [3] Let f be a function, such that, f: [a,c0) —» R. Then the beta-derivative is
defined as:
f(x+e(x+%m)l_ﬁ)—f(x)

€

Df(f(x)) = lim._,

for all x > a,B € (0,1]. Then if the limit of the above exists, f is says to be beta-
differentiable.

Some useful properties of this definition [3] are as follows: Assuming that g # 0 and f are two
functions B-differentiable with g € (0, 1] then, the following relations can be satisfied

gzvf (af ®)+bg®) = a’gpf(f(t)) + b’gbfj (9®), (L1
for all o and b are real numbers.
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for ¢ any given constant.

DB (£®) + 90) = g HDE (r©) + F© (9()). 13
A © 9@20P (1)~ &2 0 (9(0))
0 [tg(fz(_i))z — PEC) — : (1.4)

Now, we can give the definition of beta-fractional integral.

Definition 1.2. [3] Let f: [a, b] — R be a continuous function on the opened interval (a,b), then
the beta-integral of f is given as:

A £-1
TP @) = (x+555) Fax.

for all x <a,B € (0,1]. Then if the limit of the above exists, f is says to be beta-
differentiable.

2. MAIN RESULTS

In this section we present our results using B-fractional integrals.
Theorem 2.1. Let f and g be two synchronous functions on [0, ). Then the following inequality
holds

AB 1
of t(fg)(t) z—glﬁt o

forallt > 0,8 > 0.
Proof Since f and g are two synchronous functions on [0, o), we have

F@ = f(p)g@® —g) =0

ABpy P
NRGIOWHOIO @1

and
f@g@) + flp)glp) = f(©)glp) + f(p)g(x) (2.2)

. . . . B-1
forall 7 <0,p<0.If we multiply both sides of the inequality (2.2) by 7+ %ﬁ) and

integrate with respect to = from 0 to t, we obtain
1

B- B-
(i) (@e@)dr+ [y (r+m) (F)ge))dp >

(i) r@e@ar+ (r+ i) f@a)r.

Using the following equality

B_
[ f@dge = fi f@ (r+55) de

we have
AB(F09®) + Fg@AE W) = g (1) + 1) A (9(0) (2:3)

-1
Multiplying both sides of the inequality (2.3) by p + %ﬁ)ﬁ and integrating with respect to
pon [0,t], we have

5 -
(p+i) APGO®+(p+is) e =

(p+is) AP0+ (p+ ) i@ ©
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then
B- B-
NADIGINCES ;dp AP [ (o+is) 1200 dp > NAGIOINCE:
-1 -1
=) do+ @@ (p+5) oo

@it +8F 0 P oo 2 A E oo + AF @i o
T ON A O BRI GIONAENO

A 1 Ay AP
ORI GICHAGIC!

This completes the proof.
Theorem 2.2. Let f and g be two synchronous functions on [0,1). Then we have the following
inequality
AR AB AB AR AR AB AB AB
AR AR I S N A O A GIONADIOEINAGIONAGIC!
2.4)
forallt >0, > 0,and 8 > 0.
Proof Using the same way in the proof of Theorem 2.1, we can obtain (2.3). Multiplying both

-1
sides of the inequality (2.3) by p + ﬁa and integrating with respect to p from 0 to ¢t we have

a—-1
M p©f(p+)  do+

AW (o+is) r@eap

A S (p+ i) 9@de+ 4 @@ [ (0 +75)" Foddp

8t @41 W+ 41 WAt 2 ST OOLE @® + 4 (@i @ ®
zgjiﬁqgmgzi ) zAz%I/i (f)(;)%zi @®
1
RO AGICHACI

and this ends the proof.
Remark 2.1. If the functions f and g are asynchronous on [0,00), then the inequalities (2.2) and
(2.3) are reversed.

Theorem 2.3. We assume the functions f; for i = 1,2, ...,n are positive increasing functions on
[0,00). Then the following inequality holds

NAGEYIIGE (AIB;TH?:I(% NG (25)
0t
foranyt >0, g > 0.
Proof We use induction method to prove the theorem. We can easily see that for n = 1, we have

NUSAGEWURAG! 26)
forallt >0, 8 > 0.Forn =2, we use Theorem 2.1 and we have

A A A

NAIAIOE T RN ONAAIG] @7)
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We suppose that

Pt p)© = (=418 () © (28)

72 i=1
(AIB(I))> 0

holds. Since the functionsf;, i =1,2,. are positive increasing functions,
then (IT=1 f;) (¢) is also an increasing functlon If we choose g(t) = (T £,) (O, fu=f
and use theorem 2.1, we obtain

8 @ =48 gH© = AB -0l @y (. (29)

Using the inequality (2.8) we have
M QT f® 2

=08 (D) 4 (R © 210)

- (
B n-2
fhw (ap

and this ends the proof.

Theorem 2.4. Let f and g are two functions defined on [0,00) such that f is increasing, g is
differentiable. Assume that there exists a real number m = inf5, g'(t). Then for all ¢t >
0 and B > 0, following inequality holds

NADICE T NAGONACGIE

6‘1@ (f(t))glﬁt o + m‘gl'li (tF(©)
(2.11)

Proof We define the function h(t) := g(t) - mt. It is easy to see that the function h is increasing
and differentiable on [0,00). Using Theorem 2.1, we have

A8 (o) ~mf (D) = — ;() A8 (90 -m@)ALE ()
SEr @) [57F (@) —mirF ©]
NAGHIOE o PAGGING (50 - o NAGCINACEENACION!

m
A
olt

8 (@ - mbiP (er) 2

This concludes the prof.

Theorem 2.5. Let the functions f and g are defined on [0,00). We assume the function f is
decreasing and g is differentiable. If there exists a real number M :=sup;», g’ (¢) Then we have

NAGOIOE Aﬁ( NAGIONAOIGE T() NAGIGHEE: (212)

forallt > 0,8 > 0.

Proof We define G(t) := g(t) — Mt. Since the function G is differentiable and decreasing on
[0,00), using Theorem 2.1 we have

8 (o = 0P (Fog® - MD) 2 —5— A,;m RAGORACGEIBIE
M A

NAGIONAOI O A GIOWA

Iﬁ()O t

Theorem 2.6. Let the functions f and g are dlfferentlable and there exists my : infiso g'(t). Then
forall t >0, § > 0we have
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P10 -m ©)(g© - m©)] = T()Wi (F®9(0) - m 1P (er@) -

m, 4 o! (tg(t)) +mym, 0,/? (tz)] (2.13)

Proof We consider the functions F(t) = f(t) — myt and G(t) == g(t) — m,t. Itis clear that
the functions F(t) and G (t) are increasing on [0,00). Using Theorem 2.1, we have

AIPIF () = mut) (g (8) — myt)] = AP (F(0)g () — ma AP (F (D). £) — my 418 (. g () +
2
mym, (41 (0))
AP (PN (9(0) — =418 (F(0))AIP (1) — = 41f ) 41f (9 () +

af ey

mm
Al;(lz) (0 t (t)>

>

= 41 (PO (9©) = maif (FO)IE © = mu 1 @UF (9(0)) + mym (Azﬁ@))]

Alﬁ(l)

1
= AIB(I)

3. CONCLUSION

Fractional derivatives are an attraction point for several researchers. In this paper, we consider
beta-fractional derivative. By using beta-fractional integrals, some new integral inequalities
established in the case of two synchronous functions. As a main contribution to the literature, we
prove six theorems. Our results are pioneer for the literature of integral inequalities in beta-
fractional integral sense.
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