TWMS J. App. Eng. Math. V.9, N.2, 2019, pp. 257-266

MUTANT FUZZY SETS

MUSTAFA BURC KANDEMIR!, §

ABSTRACT. In this paper, the notion of mutant fuzzy sets that by adhering to the
classical sense in any semigroups has been introduced and its some of structural properties
have been studied. In addition to this, the concept of t-norm based mutation for fuzzy
sets on any crisp set has been given, and some of results have been investigated.
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1. INTRODUCTION

In biology, a mutation is defined as the permanent alteration of the nucleotide sequences
of the genetic elements. In a colloquial manner, the progeny formed by the mating of any
two individuals can be expressed as being different from expected. Mullin described the
mutation process in algebraic sense in mathematics and he posed research problems and
defined a mutation in a grupoid in [3]. In [4], he assumed that the set S is a population of
individuals and the mating of any two individuals of the population is a binary operation
on S. Thus, the progeny of the two individuals @ and b both in S have written as a * b
which is also in S. According to [4], it could be divided S into equivalence classes according
to some properties of elements of S (e.g. eye color, blood type). Sometimes, it may be
ensued an offspring which is not in M from the mating of any two individuals that is in
M. In that case, a mutation has taken place in the set M. So, in his related article [4],
Mullin algebraically stated the definition of mutation such as M « M C M¢ where M is
a subset of the algebraic system (5, *) and M€ is a complement of M. He said that the
set M is a mutant set in (S,*). Afterwards, Mullin generalized and applied the results
of mutant sets for group theory and ring theory in [5]. Iseki [6] introduced the definition
of mutation in a semigroup as generalized sense. In [7], Iseki gave some results of the
Cartesian product of mutant sets. In [8], Kim discussed some properties of mutant sets
and gave some results in topological semigroups and algebraic semigroups.

The notion of fuzzy set was introduced by Zadeh in his paper [1] in 1965. This concept
provides a natural foundation for modeling mathematically the fuzzy phenomena, which
exist pervasively in our real world, and for building new branches of fuzzy mathematics.
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In his pioneer paper, he established set-theoretical operations for fuzzy sets. Fuzzy set
theory has been applied to many areas of the day.

In this paper, mutant fuzzy sets in semigroups with respect to product of two fuzzy sets
given any semigroup are established and its basic properties are studied. In Section 3,
t-norm based mutation for fuzzy sets on any crisp set are discussed. Prominent ¢-norm
based operations among fuzzy sets such as algebraic product, bounded product, drastic
product are used, and some results are given.

2. PRELIMINARIES

As the preliminary information, which is necessary to study, give some definitions and
properties.

For a non-empty set S, a function % from S x S to S is called a binary operation
on S, and the ordered pair (S,x*) is called an algebraic structure. A semigroup is an
algebraic structure consisting of a set together with an associative binary operation, that
is, Va,b,c € S, (a*b) xc = ax (bxc). We use the multiplication notation for a binary
operation in this paper. Where the semigroup is written multiplicatively and where the
nature of the multiplication is clear from the context, we shall write simply S rather than
(S,-). Expressions such as abc and ajas...ay, where a,b, c,a1,as,...,a, are elements of
S, then have unambiguous meaning, and we can use the notation a™ (n € N) to mean the
product of n elements each equal to a. If a semigroup S has the property that, for all
a,b €S, ab = ba, we call that S is a commutative semigroup. Let f be a mapping from the
semigroup S to the semigroup 7. We call that f is a homomorphism if f(ab) = f(a)f(b)
for all a,b € S [9, 11].

Besides, Zadeh [1] is described, a fuzzy set whose definition as follows is a class of objects
with a continuum of grades of membership.

Definition 2.1. [1] Let S be a non-empty set. A fuzzy set A in S is defined by a member-
ship function pa : S — [0,1] whose membership value p4(a) specifies the degree to which
a € S belongs to the fuzzy set A, for each a € S.

The family of all fuzzy sets in S will be denoted by F(S). Let A € F(S). If pa(a) =0
for all a € S then we call that A is empty (or null) fuzzy set and denoted by ®. In a
similar manner, if pa(a) =1 for all a € S, then it is called that A is universal fuzzy set
and denoted by S. Besides, if pa(a) = « for all a € S and « € [0,1], then A is called
a-universal fuzzy set and denoted by S¢.

If A,B € F(S) then some basic operations and definitions are given componentwise
proposed by Zadeh [1] as follows:

(1) AC B < pala) <pup(a), foralla e S.

(2) A=B < pa(a) = pp(a), for alla € S.

(3) C=AUB & uc(a) = pala) V up(a), for all a € S.

(4) D=ANB < upla) = pala) Apg(a), for all a € S.

(5) E=A°< pug(a) =1—pa(a), forall a € S.

(6) Let a € [0,1]. aA is called a-layer of A such that its membership function is
defined by apa(a) = a A pa(a) for all a € S.

(7) The core of a fuzzy set A, denoted by ¢(A), is the crisp set of all x € X such that
pa(z) =1 [12].

(8) The support of a fuzzy set A, denoted by s(A), is the crisp set of all x € X such
that pa(x) >0 [12].
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(9) The set of elements that belong to the fuzzy set A at least to the degree v is called
the a-level set:
Ao ={z €S| pala) = a}
A, ={x € X | pa(x) > a} is called strong a-level set [12].
(10) The cartesian product A® B of A and B is a fuzzy set in the product space S x S
whose membership function is defined as
tags(a,b) = pala) A pp(b).

Definition 2.2. [1] Let S and T be non-empty sets, f be a mapping from S into T, and
let A be a fuzzy set on S and B be a fuzzy set on T. The fuzzy sets f[A] on T and f~1[B]
on S, defined by

Fray = { Yl Te eSS =t 10 20

o , otherwise

forallbe T, and
N u)(a) = pp(f(a))
forallae§.

Intrinsically, the definitions of fuzzy algebraic structures have been defined in time. [9]
and [10] for detailed information about fuzzy algebraic structures are recommended.
The notion of product of any two fuzzy sets on a semigroup is given as follows.

Definition 2.3. [9, 10] Let S be a semigroup and A and B be fuzzy subsets of S such
that its membership functions are pa : S — [0,1] and pup : S — [0,1], respectively, and
a,b,c € S. Then the product of A and B, denoted by A o B, defined by

paon(c) = (paopp)(c) = \/{nala) A up(®d) | a,b € S,ab=c}
forallce S.

As is well-known, the operation o is associative.

Note that, the m times multiplication of the fuzzy set A can be defined as A™ =
AoAo---0A and its membership function is

uAm(a):\/ /\ pala;) | aras...am =a

i€{1,2,....,m}
from Definition 2.3.

Lemma 2.1. [15, 16] Let S and T be semigroups and f : S — T be a epimorphism. Let
A, B be fuzzy sets on S. Then f[Ao B] = f[A]o f[B].

Note that, Lemma 2.1 is valid finite family of fuzzy sets.

Lemma 2.2. [15, 16] Let S and T be semigroups and f : S — T be a epimorphism. Let
A, B be fuzzy sets on T. Then f~'[Ao Bl = f~'[A] o f~1[B].

Lemma 2.3. Let S be a semigroup and A and B fuzzy set on S. If A C B, then A™ C B™.

Proof. Since A C B, pa(a) < pp(a) for all a € S. So, for all a = ajay. .. ap,

Vi A mat) <\ A ws(a)

i€{1,2,...,m} i€{1,2,....,m}
Thus A™ C B™. ]
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Lemma 2.4. Let S and T be semigroups and A € F(S) and B € F(T). Then (A®B)™ =
A" ® B™.

Proof. For any (a,b) € S x T,

paemm(a,b) = \/ { pags(ai,bi) | [(ai bi) = (a,0),ai € S, b; € T}
ie{1,2,..., m} i=1
= \/{ ai) A pp(bi)) | H(aivbz‘)—(a»b%aiESybiGT}
ie{1,2,. i=1
= \/{( p,A(a)>/\< /\ b))|Ha _aHb =b,a; € S,b; GT}
e{1,2,...,m} ie{1,2,..., m}

= \/{ /\ /,J,A(ai)aiGS,Haia}/\\/{ /\ /,LB(bi)biGT,Hbib}
i=1 i=1

i€{1,2,...,m} i€{1,2,...,m}
pam(a) A ppm ()
HAM g B™ (a, b)

Hence, it is obtained that (A ® B)™ = A™ ® B™. O

3. Fuzzy MUTANTS IN SEMIGROUPS

In this section, the concept of a mutant fuzzy set in any semigroups can be defined,
analogously.

Definition 3.1. Let S be a semigroup and M be a fuzzy set on S. M is called mutant
fuzzy set over S if M o M C M*€.

Definition 3.2. Let S be a semigroup and M be a fuzzy set on S. M is called (m,n)-
mutant in S if M™ C (M™)°.

It can be easily seen that Definition 3.2 is a generalized form of Definition 3.1. It means
that the (2, 1)-mutant is a mutant in the sense of Definition 3.1.

Let M be a fuzzy mutant set on S, and a € M. ups(a) is called the degree of mutation
of the element a in M.

Example 3.1. Let S = {0,1}. If the Cayley table is constructed as follows,

x 0|1
0|01
11111

(S, %) is a semigroup. It is called that it is a two-element semigroup. Let
M ={(0,0.4),(1,0.3)} € F(S)
i.e. M is a fuzzy set on S. Then, we have its complement
M ={(0,0.6),(1,0.7)} € F(S).
So, let us calculate M o M. For 0 € S,
paronr(0) = \/{par(a) A pas(b) | axb =0}

= (0) A par(0)
= pm(0) =04,
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Forles,

paronmr (1) = \/{par(a) A (b) | axb=1}
= (e (0) A par (1)) V (par (1) A g (0)) V (pear (1) A e (1))
04Vv04v0.3=0.4.
Thus, it is obtained that
Mo M =1{(0,0.4),(1,0.4)} C M°.
Hence, the fuzzy set M is a mutant fuzzy set in S.
Moreover, for arbitrary natural numbers m,n € N, it is obtained that
M™ = M"={(0,0.4),(1,0.4)}
and
(M™)¢ ={(0,0.6),(1,0.6)}.
So, M is an (m,n)-mutant fuzzy set on S.

An example for non-mutant fuzzy sets can be given as follows:

Example 3.2. Let (S,*) be semigroup as in Example 3.1. Consider the fuzzy set A =
{(0,0.7),(1, 1)} € F(S). So, A° = {(0,0.3),(1,0)} € F(S). If we calculate the fuzzy set
Ao A e F(S), we have Ao A = {(0,0.7),(1,1)}. Thus Ao A ¢ A°. Hence A is not a
mutant fuzzy set in S.

Theorem 3.1. Fvery subset of an (m,n)-mutant fuzzy set of S is an (m,n)-mutant of S.
Proof. Let A be a fuzzy subset of the (m,n)-mutant fuzzy set M. If A C M, A™ C M™
from Lemma 2.3. Since M is a mutant,

A" C M™ C(M™)° C (A"
is obtained. Thus A is an (m,n)-mutant on S. O

Theorem 3.2. Let M; and My be (m,n)-mutant fuzzy sets on S. Then My N My is an
(m, n)-mutant fuzzy set on S.

Proof. 1t is known that M; N My C M; and My N My C Ms. From Lemma 2.3, (M1 N
May)™ C M{™ and (M N Ma)™ C M3 is obtained. Since M; and My are (m,n)-mutant,
o

(My N Mp)™ € M7 C (M7
and

(My 0 Mp)™ € M C (ME)°.
Thus, it is obtained that

(Ml ﬂMg)m - MlmUMén

S (MP)*U(M3)°
— (g
= ((MynM)")".
Hence M7 N My is (m,n)-mutant. O
Corollary 3.1. Let M; be (m,n)-mutant fuzzy sets on S for i € I. Then (\;c; M; is an
(m,n)-mutant fuzzy set on S, where (;c; M; is non-null.

Theorem 3.3. Let M be an (m,n)-mutant fuzzy set on S. aM is an (m,n)-mutant on

S.
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Proof. Since M™ C (M™)¢. Tt is obtained that
appm () = aApym(x)
< an(l—pum(@)
= appmye(z), Vo € S.
Then aM™ C a(M™)¢. Thus oM is an (m,n)-mutant. O

Theorem 3.4. S and T be semigroups, f : S — T be an epimorphism. If M is an (m,n)-
mutant fuzzy set on S and fI(M™)] C (f[M"])¢, then f[M] is an (m,n)-mutant fuzzy set
on T.

Proof. From Lemma 2.1, it is obtained that
(FIM])™ = fIM™] € fI(M™)T < (fIM"]) = ((F[M])")°.
O

Theorem 3.5. S and T be semigroups, f: S — T be an epimorphism. The inverse image
under a epimorphism f of an (m,n)-mutant fuzzy set is an (m,n)-mutant fuzzy set.

Proof. Let M be a (m,n)-mutant fuzzy set in 7. From Lemma 2.2, it is obtained that

(fHMD™ = M
C fHmamye
= ()
= ()"
Hence, f~[M] is (m,n)-mutant. O

Theorem 3.6. Let S and T be semigroups, M and N be (m,n)-mutant fuzzy sets on S
and T, respectively. The cartesian product of M ® N is an (m,n)-mutant fuzzy set on
SxT.

Proof. Since M and N are (m,n)-mutant fuzzy set in S and T, respectively, we have
M™ C (M™)¢and N™ C (N™)¢. From Lemma 2.4, we have
O

Theorem 3.7. Let M be a mutant fuzzy set on S. ¢(M), the core of M, is a mutant set
on S.

Proof. Let a € ¢(M)c(M). Then, there exists aj,as € ¢(M) such that a = ajag. Thus, we
have pupr(ar) =1 and ppr(ag) =1 for ajag = a. Then ppr(ar) A par(az) =1 for ajas = a,
and \/{pnr(a1) A par(az) =1 | arag = a} = 1, so that, pp2(a) = 1 and a € ¢(M?). Since
M is mutant, i.e. M? C M€, upre(a) > ppp(a) = 1 is obtained. Thus, ups(a) = 0, i.e.
a ¢ c(M). Hence a € (¢(M))€ is obtained. The proof is completed. O

Lemma 3.1. Let M be a fuzzy set on S. If a > 0.5, then (M), C (M,)°.

Proof. Suppose that a € (M€),, then ppse(a) > a. So, 1 —ppr(a) > a, and ppr(a) <1—«
are obtained. Since a > 0.5, then pps(a) < «. Herefrom, we have a ¢ M,. Hence,
a € (My)°. O

Theorem 3.8. Let M be a mutant fuzzy set on S. M, the a-level set of M, is a mutant
set on S for a > 0.5.
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Proof. Suppose that a € M,M,. Then there exist a;,as € M, such that a = ajas. Thus,
pnr(ar) > « and ppr(ag) > « for ajaz = a are obtained. So, upr(ai) A par(az) > o for
ajaz = a, and then \/{par(a1) A par(az) | araa = a} > a, so that, uype(a) > o and
a € (M,)% Since M is mutant i.e. M? C M€, ppe(a) > ppp(a) > a is obtained. So,
we have a € (M€),. Since a > 0.5, (M), C (M,)¢ from Lemma 3.1, it is obtained
that a € (M,)¢. Hence we have (My)? C (M,)¢. Thus, M, is mutant subset of S for
a > 0.5. ]

Theorem 3.9. Let 8% be an a-universal fuzzy set. If o < 0.5, then 8¢ is a mutant fuzzy
set.

Proof. Tt is needed to show that (S%)% C (8%)¢ for a < 0.5. It is known that if o < 0.5,
then 1 — a > 0.5. So, it is obtained that
pseosa(a) = \[{usa(ar) A pse(ag) | a1,az € S, aras = a}

= \/{a/\a | a1,a0 € S;a1a2 = a,a < 0.5}

= «

< 11—«

= 1— psa(a)
fi(s)e(a)

for each a € S. Hence, S% is a mutant fuzzy set for a < 0.5. O

4. t-NORM BASED MUTATION

In fuzzy set theory, there are t-norm based operations between fuzzy sets. Definition of
t-norm is as follows:

Definition 4.1. [13] A t-norm is a binary operation T on the unit interval [0, 1] which
is commutative, associative, monotone and has 1 as neutral element, i.e., it is a function
T :[0,1] x [0,1] — [0,1] such that for all v, B, € [0, 1]:

(T1) aTp =fFTa,
(T2) (aTB)Ty =aT(BTy),
(T3) a < B =aTy< [Ty,
(T4) aTl=z.

As known, a t-norm is called Archimedean if for each «, 5 € (0,1) there is a natural
number n such that aT -+ Ta < 5.
—_——

n times
The most known of ¢-norms can be listed as follows;

For each a, f € [0,1], aTof = min{c, 5}. It is known as Gdédel t-norm.

For each a, 8 € [0,1], aT18 = - B. Tt is called product t-norm.

a,f €10,1], aTof = max{0,a + 5 — 1}. It is known as Lukasiewicz t-norm.
o, € (0,1, aTsf = { minfa, f} -, ifa =1orf=1

, otherwise
norm.

. It is called drastic t-

As stated in [14], further fuzzy set-theoretic operations can be expressed using the
concept of t-norm. Prominent operations can be given as follows:

Definition 4.2. [14] Let A and B be fuzzy sets on non-empty set S.
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(a) The algebraic product of A and B, denoted by A e B, is a fuzzy set on S, and its
membership function defined as
paeB(x) = pa(z) T1pp(x), Vo € S.
(b) The bounded product of A and B, denoted by A® B, is a fuzzy set on S, and its
membership function defined as
paoB(x) = pa(x) Topp(z), Vo € S.
(¢) The drastic product of A and B, denoted by A * B, is a fuzzy set on S, and its
membership function defined as
paxs(z) = pa(z) Tspp(r), Vo € S.
These definitions are regarded as generalization of intersection between fuzzy sets.

Theorem 4.1. Let A be a fuzzy set on the set S. If pa(x) < 0.5 for each x € S, then A
18 a mutant fuzzy set with respect to the t-norm Ty i.e. ANA C A°.

Proof. Let A be a fuzzy set on S. Then ATgA is a fuzzy set on S. For each z € S, we
compute that

ra(z) Topa(z) = min{pa(z), pa(z)} = pa(z).
Since pa(x) < 0.5 for each z € S, then 1 — pa(x) > 0.5, i.e. pae(z) > 0.5. Hence it is
obtained that ATgA C A¢. Thus, A is a mutant fuzzy set with respect to Ty. ]

Theorem 4.2. Let A be a fuzzy set on S. If pa(x) < 0.6 for each x € S, then A is a
mutant fuzzy set with respect to the t-norm T1, i.e. Ao A C A€,

Proof. From Definition 4.2 (a), A e A is a fuzzy set on S. Then, for each x € S,

paea(z) = pa(@) Tipa(z) = (pa(@))® < pa(z).
Since pa(x) < 0.6 for each x € S, then 1 — pa(x) > 04, ie. pac(x) > 0.4. We have

pac(x) > (pa(z))? = paea(z) for each x € S. Hence it is obtained that Ae A C A°. Thus,
A is a mutant fuzzy set with respect to T1. O

Theorem 4.3. Let A be a fuzzy set on S. If pa(x) < 0.6 for each x € S, then A is a
mutant fuzzy set with respect to the t-norm To, i.e. A® A C A°.

Proof. From Definition 4.2 (b), A ® A is a fuzzy on S. It is computed that
pacA(x) = pa(x) Topa(r) = max{0,2us(z) — 1},Vr € S.

Since 0 < pa(x) < 0.6, we have 0 < 2ua(z) — 1 < 0.2, and if pa(x) < 0.6, pac(z) > 0.4.
Hence papa(x) < prac(z) for each z € S. Thus, A® A C A, ie. Ais a mutant fuzzy set
with respect to To. O

Theorem 4.4. Let A be a fuzzy set on S. If pa(x) € [0,1) for each x € S, then A is a
mutant fuzzy set with respect to the t-norm Tg, i.e. Ax A C A°.

Proof. Form Definition 4.2 (c), AxA is a fuzzy set on S. Since pa(z) € [0,1) i.e. pa(x) #1
for all z € S, and
(z) = min{pa(z), pa(x)} , ifpa(z) =1 _ [ pa(z) , if pa(z) =1
HAxA 0 , otherwise 0 , otherwise
we have pa,a(z) =0 for all z € S. At the same time, since pa(x) € [0,1), then pae(z) €

S
(0,1]. So, we have pra,4(z) < pac(x), for all z € S. Thus Ax A C A¢ ie. A is a mutant
fuzzy set with respect to t-norm T 3. O
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Theorem 4.5. Let A be a fuzzy set on S and T be a t-norm. If T is an Archimedean
and pa(x) <0.5 for all z € S, then A is an (n,1)-mutant fuzzy set.

Proof. Let A be a fuzzy set on S and T be a t-norm. Since T is an Archimedean and
pa(z) < 0.5 for each x € S, then we have

pran(x) = pa(@)Tpa(@)T - Tpa(e) < pa(@) < pae().

Hence, it is obtained that A™ C A°. Therefore, A is an (n, 1)-mutant fuzzy set. O

5. CONCLUSION

In Mullin’ s article [4], he stated that difficulties will arise in the mathematical formal-
ization of biological mutation. He said that the most important of these problems is that
offspring of any pair of individuals that is in the mutant set in the algebraic model is
always a biological mutant. It is inconsistent with known biological facts. On the other
hand, the fuzzy set theory is one of the most important mathematical tools which model
phenomena that classical mathematical methods can not model. In this article, the notion
of mutant fuzzy sets on an algebraic structure have been introduced, and we have tried
to overcome above the problems encountered in classical theory of modeling for mutation.
Naturally, mutant fuzzy sets are a generalization of mutant sets. So, we have a grade of
mutations of the offspring of the individuals who mate in all the individual’ s set. In this
way, we are getting closer to the biological realities by grading the mutation. This is one
of our main purposes. The author believes that the grade of mutation is even more useful
in biological applications. Therefore, this article can be a useful tool for those who work
in this field.

Besides these, the t-norm based mutation for fuzzy sets on any set without binary
operation (i.e. this is not an algebraic structure) is also stated, and some results have
been given. Because this situation is independent of any algebraic structure, it may be
more appropriate to model the biological events of the mutation.

The author hopes that this article is shed light on to working scientists in these areas.
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