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ON ALMOST CONTRA ¢-CONTINUOUS FUNCTIONS
B. S. AYHAN ) AND M. OZKO(C @

ABSTRACT. The aim of this paper is to introduce and investigate some of fun-
damental properties of almost contra e*#-continuous functions via e*f-closed sets
which are defined by Farhan and Yang [15]. Also, we obtain several character-
izations of almost contra e*f#-continuous functions. Furthermore, we investigate
the relationships between almost contra e*f-continuous functions and seperation

axioms and e*6-closedness of graphs of functions.

1. INTRODUCTION

In 2006, the concept of almost contra continuity [4], which is stronger than almost
contra precontinuity [8] is introduced by Ekici and almost contra [-continuity [4]
introduced by Baker, is defined. In 2017, some properties and characterizations of
the notion of almost contra 36-continuous function [5] defined by Caldas via $6-closed
sets are obtained. The notion of almost contra e*#-continuity is stronger than almost
contra e*-continuity which is defined by us in this manuscript. In this paper, we
introduce some new forms of contra e*-continuity [9] defined by Ekici. Also, we obtain
some characterizations of almost contra e*f-continuous functions and investigate their
some fundamental properties. Moreover, we investigate the relationships between
almost contra e*#-continuity and other related generalized forms of contra continuity.

2000 Mathematics Subject Classification. 54C08, 54C10, 54C05.
Key words and phrases. e*0-open set, e*f-closed set, almost contra e*f#-continuity, almost e*6-

continuity, e*f-continuity, e*6-closed graph.
Copyright (© Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: April 14, 2018 Accepted: Jul. 9, 2018 .
383



384 B. S. AYHAN AND M. OZKOC

2. PRELIMINARIES

Throughout this present paper, X and Y represent topological spaces. For a
subset A of a space X, cl(A) and int(A) denote the closure of A and the interior
of A, respectively. The family of all closed (resp. open) sets of X is denoted by
C(X)(resp. O(X)). A subset A is said to be regular open [28] (resp. regular closed
28]) if A = int(cl(A)) (resp. A = cl(int(A))). A point x € X is said to be d-cluster
point [30] of A if int(cl(U)) N A # 0 for each open neighbourhood U of z. The set
of all d-cluster points of A is called the J-closure [30] of A and is denoted by cls(A).
If A= cls(A), then A is called d-closed [30], and the complement of a d-closed set
is called d-open [30]. The set {z|(3U € 7)(x € U)(int(cl(U)) C A)} is called the
d-interior of A and is denoted by ints(A).

A subset A is called a-open [19] (resp. semiopen [17], d-semiopen [23], preopen [18],
d-preopen [24], b-open [1], e-open [11], e*-open [12], a-open [10]) if A C int(cl(int(A)))
(resp. A C cl(int(A)), A C cl(ints(A)), A C int(cl(A)), A C int(cls(A)), A
C c(int(A)) Uint(cl(A)), A C c(ints(A)) Uint(cls(A)), A C cl(int(cls(A))), A
C int(cl(ints(A)))). The complement of an a-open (resp. semiopen, d-semiopen,
preopen, d-preopen, b-open, e-open, e*-open, a-open) set is called a-closed [19] (resp.
semiclosed [17], 6-semiclosed [23], preclosed [18], §-preclosed [24], b-closed [1], e-closed
[11], e*-closed [12], a-closed [10]). The intersection of all e*-closed (resp. a-closed,
semiclosed, 0-semiclosed, preclosed, d-preclosed) sets of X containing A is called the
e*-closure [12] (resp. a-closure [10], semiclosure [17], d-semiclosure [23], preclosure
[18], o-preclosure [24]) of A and is denoted by e*-cl(A) (resp. a-cl(A), scl(A), §-scl(A),
pcl(A), 6-pcl(A)). The union of all e*-open (resp. a-open, semiopen, d-semiopen, pre-
open, d-preopen) sets of X contained in A is called the e*-interior [12] (resp. a-interior
[10], semiinterior [17], J-semiinterior [23], preinterior [18], é-preinterior [24]) of A and

is denoted by e*-int(A) (resp. a-int(A), sint(A), §-sint(A), pint(A), d-pint(A)).
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A point z of X is called a f-cluster [30] point of A if cl(U) N A # () for every open
set U of X containing z. The set of all f-cluster points of A is called the #-closure [30]
of A and is denoted by clg(A). A subset A is said to be #-closed [30] if A = cly(A).
The complement of a #-closed set is called a f-open [30] set. A point x of X said to
be a f-interior [30] point of a subset A, denoted by inty(A), if there exists an open
set U of X containing x such that cl/(U) C A.

A point x € X is said to be a f-semicluster point [16] of a subset S of X if
c(U)N A # () for every semiopen U containing z. The set of all f-semicluster points
of A is called the #-semiclosure of A and is denoted by 6-scl(A). A subset A is called
O-semiclosed [16] if A = 6-scl(A). The complement of a @-semiclosed set is called
f-semiopen.

The union of all e*-open sets of X contained in A is called the e*-interior [12] of A
and is denoted by e*-int(A). A subset A is said to be e*-regular [15] if it is e*-open
and e*-closed. The family of all e*-regular subsets of X is denoted by e*R(X).

A point z of X is called an e*-f-cluster point of A if e*-cl(U) N A # () for every
e*-open set U containing x. The set of all e*-8-cluster points of A is called the e*-
O-closure [15] of A and is denoted by e*-cly(A). A subset A is said to be e*-0-closed
if A = e*-cly(A). The complement of an e*-f-closed set is called an e*-f-open [15]
set. A point x of X said to be an e*-f-interior [15] point of a subset A, denoted by
e*-inty(A), if there exists an e*-open set U of X containing = such that e*-cl(U) C A.
Also it is noted in [15] that

e*-regular = e*-f-open = e*-open.
The family of all e*-f-open (resp. e*-0-closed, e*-open, e*-closed, regular open, regular
closed, d-open, d-closed, f-open, #-closed, #-semiopen, f-semiclosed, semiopen, semi-
closed, preopen, preclosed, d-semiopen, d-semiclosed, d-preopen, d-preclosed, a-open,
a-closed) subsets of X is denoted by e*00(X) (resp. e*0C(X), e*O(X), e*C(X),
RO(X), RC(X),60(X), 0C(X),00(X),0C(X),050(X),05C(X), SO(X), SC(X),
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PO(X), PC(X), 65O(X), 65C(X), 6PO(X), 6PC(X)), aO(X), aC(X)). The
family of all open (resp. closed, e*-f-open, e*-O-closed, e*-open, e*-closed, regular
open, regular closed, d-open, d-closed, #-open, 6-closed, #-semiopen, #-semiclosed,
semiopen, semiclosed, preopen, preclosed, d-semiopen, d-semiclosed, d-preopen, o-
preclosed, a-open, a-closed) sets of X containing a point = of X is denoted by O (X, z)
(resp. C(X,z), e*00(X, x), e'0C(X,x), e*O(X, x), e*C(X,z), RO(X,z), RC(X,x),
00X, x),6C(X,x),00(X,z),0C(X,x),050(X,x),05C(X,z), SO(X,z), SC(X,x),
PO(X,x), PC(X,x), SO(X,z), 6SC(X,x), 6PO(X,z), 6PC(X,x), aO(X, z),
aC(X,x)).

We shall use the well-known accepted language almost in the whole of the proofs

of the theorems in this article.

Lemma 2.1. [12] Let A be a subset of a space X, then the followings hold:
(1) e*-cl(X \ A) = X \ e*-int(A),

(2) x € e*-cl(A) if and only if ANU # 0 for every U € e*O(X, x),

(3) A is e*C(X) if and only if A = e*-cl(A),

(4) e"-cl(A) € e"C(X),

(5) e*-int(A) = AN cl(int(cls(A))).

Lemma 2.2. [10, 23, 24] Let A be a subset of a space X, then the followings hold:
(1) a-cl(A) = AU cl(int(cls(A))),

(2) 6-scl(A) = AUint(cls(A)),

(3) 6-pcl(A) = AU cl(ints(A)).

Lemma 2.3. [15] The following properties hold for the e*0-closure of a subset A of
a topological space X.

(1) A Ce*-cl(A) C e*-cly(A),

(2) If A € e*0O(X), then e*-cly(A) = e*-cl(A),

(3) If A C B, then e*-cly(A) C e*-cly(B),
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(4) e*~clo(A) € e0C(X) and e*~clg(e*-clg(A)) = e”~clp(A),

(5) If A, € e*0C(X) for each o € A, then N{A,|a € A} € e*0C(X),
(6) If A, € e*00(X) for each o € A, then U{A,|a € A} € e*00(X),
(7) e*-cly(X \ A) = X \ e*-inty(A).

Lemma 2.4. [15] Let A be a subset of a topological space X, then the followings hold:
(1) If A € e*O(X), then e*-clg(A) € e*R(X),

(2) A € e*R(X) if and only if A € e*00(X) Ne*0C(X),

(3) A is e*0-open in X if and only if for each x € A there exists U € e*R(X, x) such
that v € U C A.

Definition 2.1. Let A be a subset of a space X. The intersection of all regular open
sets in X containing A is called the r-kernel of A [9] and is denoted by rker(A).

Lemma 2.5. [9] The following properties hold for subsets A and B of a space X.
(1) x € rker(A) if and only if ANF #0 for any F € RC(X, z),

(2) A Crker(A),

(3) If A is regular open in X, then A = rker(A),

(4) If A C B, then rker(A) C rker(B).

Lemma 2.6. [11] The following properties hold for a subset A of a space X.
(1) cl(ints(A)) = cls(ints(A)),
(2) int(cls(A)) = ints(cls(A)).

Lemma 2.7. Let A be a subset of a topological space X. If A is an e*-open set in X,
then ints(X \ A) = X \ cls(A) € RO(X).
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Proof. Let A € e*O(X).
AeerO(X) = ACd(int(cls(A))
= cls(A) C cls(cl(int

= Cl(g(A) - Cl(;( [ (1

cls(A)))) "= clg(cls(ints(cls(A))))
A)))) = cls(ints(cls(A)))
= cls(A) C cls(cl(i AN)) RSl (int(cls (A)))
= \d(int(cls(A))) = int(cl(\cls(A))) C \cls(A) ... (%)
int(cls(A)) C cls(A) = d(int(cls(A))) = cls(int(cls(A))) C cls(cls(A)) = cls(A)
= \ds(A) C\c(int(cls(A))) = int(cl(\cls(A))) ... (%)
(%), (%) = \cls(A) = int(cl(\cls(A))) = \cls(A) € RO(X). O

(4)
(4)
(4)
(el(

Definition 2.2. A function f: X — Y is said to be:

a) e*f-continuous (briefly e*f.c.) if f~[V] is e*-f-closed in X for every V € C(Y),
b) almost e*@-continuous (briefly a.e*f.c.) if f~![V] is e*-f-closed in X for every
regular closed set V in Y,

c¢) contra R-map [9] (resp. contra continuous [7], contra e*@-continuous [3], contra
e*-continuous [13]) if f~1[V] is regular closed (resp. closed, e*-f-closed, e*-closed) in
X for every regular open (resp. open, open, open) set V in Y,

d) almost contra precontinuous [8] (resp. almost contra continuous [4], almost contra
[-continuous [4], almost contra e*-continuous) if f~'[V] is preclosed (resp. closed,

B-closed, e*-closed) in X for every regular open set V in Y.

Lemma 2.8. [25] For a topological space (X, T) the followings are equivalent:

(1) (X, 7) is almost reqular;

(2) For each point x € X and each neighbourhood M of x, there exists a regular open
neighbourhood V' of x such that cl(V') C int(cl(M)).
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3. ALMOST CONTRA €*f-CONTINUOUS FUNCTIONS

Definition 3.1. A function f : X — Y is said to be almost contra e*#-continuous

(briefly a.c.e*f.c.) if f~1[V] is e*--closed in X for each regular open set V of Y.

Theorem 3.1. For a function f: X — Y, the following properties are equivalent:
(1) f is almost contra e*0-continuous;

(2) The inverse image of each regular closed set in'Y is e*-0-open in X ;

(3) For each point x € X and each V € RC(Y, f(x)), there exists U € e*00(X, x)
such that f[U] C V;

(4) For each point v € X and each V € SO(Y, f(x)), there exists U € e*00(X, x)
such that f[U] C el (V);

(5) f le*-cly(A)] C rker(f[A]) for every subset A of X;

(6) e*-clo(f~1[B]) C f~Y[rker(B)] for every subset B of Y ;

(7) 7V [cls(V)] is €*-0-open for every V € e*O(Y);

(8) [~ [cls(V)] is €*-0-open for every V € 6SO(Y);

(9) [~ [int(cls(V))] is e*-0-closed for every V € 6PO(Y);

(10) f~' [int(cls(V))] is e*-0-closed for every V € O(Y);

(11) f='[cl(ints(V))] is e*-0-open for every V € C(Y).

Proof. (1) = (2) : Let V € RC(Y).
Ve RC(Y)=\V e RO®Y)

(1)

= \[T[V]=fT[\V] € e0C(X)

= f71[V] € e"0O(X).
(2) = 3):Let x € X and V € RC(Y, f(x)).
(x € X)(V € RC(Y, f(x)))

(2)
(3) = (4) : Let x € X and V € SO(Y, f(x)).

= (U= fT'[V] € 00X, x))(f[U] S V).
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V e SOY, f(z)) = c(int(V)) € RC(Y, f(z)) }
(3)
= (U € e*0O(X, 2))(f [U] C cl(int(V)) C cl(V)).

(4)=():Let ACX and z ¢ [~ [Tk‘er( [A])].

v ¢ fﬁl[rker(f[Am = [f(z) ¢ rker(f[A]) = (3F € RC(Y, f(x)))(F N f[A] =
= (IF € SOY, f(x) FINnA=0) }

= (AU € e*00(X, 2))(f[U] Cc(F) = F)(fHFINA=0)

= (3U € e"60(X,2))(U € fI[F ])( JTFINA=0)

= (AU € e*00(X,2))(UN A =10)

= ¢ e*-cly(A).
(5) = (6) : Let BCY.
BCY = f1'BCX
(5)
= e*=clo(f 71 [B]) € [~ [rker(B)].
(6) = (7) : Let V € e*O(Y).
Ve e oY) "2\ els (V) € RO(Y)
(6)
= e*~clg(f~ (\cls(V)]) € f7 [rker(\cls(V))] = f~" [\cls(V)]
= \e*-into(f~ [cls(V)]) € \f 7 [cls(V)]
= 7 cls(V)] C e*~into(f~ [cls(V)])
= 7 cls(V)] € e*0O(X).
(7) = (8) : This is obvious since every J-semiopen set is e*-open.
(8) = (9) : Let V€ 6PO(Y).
V e dPO(Y) = ints(\V) € 6SO(Y)
(8)

= fle*-clo(f~" [B])]  rker(f [~ [B]]) C rker(B)

} = 1 cls(ints(\V))] € e*00(X)

0)
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= \f ints(cls(V)] € e*00(X)
= L int(cls(V))] € e*0C(X).
(9) = (10) : This is obvious since every open set is J-preopen.
(10) = (11) : Clear.
(11) = (1) : Let V € RO(Y).
V e RO(Y) = (V = int(cls(V))(\V € C(Y)) } .

11)
= [TI\V] =\ = \fint(cds(V))] = £ [c(ints(\V))] € e*00(X)
= V] € e*9C(X). O

—~

Lemma 3.1. For a subset A of a topological space X, the following properties hold:
(1) If A € e*O(X), then a-cl(A) = cls(A),

(2) If A € 6SO(X), then 6-pcl(A) = cls(A),

(3) If A € 6PO(X), then d-scl(A) = int(cls(A)),

(4) If A € PO(X), then scl(A) = int(cl(A)).

Proof. (1) Let A € e*O(X).
A€ eO(X) = ACd(int(cls(A)))
= cls(A) C cls(cl(int(cls(A)))) = cl(int(cls(A)))
= AUds(A) = cls(A) C AU cl(int(cls(A))) = a-cl(A) ... (x)
5C(X) C aC(X) = a-cl(A) C cls(A) ... (%)
(%), (%) = a-cl(A) = cls(A).
(2) Let A € 650(X).
A €8SO(X) = A C clints(A)) "™ * cls(ints(A))
= cls(A) C cs(cls(ints(A))) = cls(ints(A)) = cl(ints(A)) } N
§-pcl(A) = AU cl(ints(A))
= 5-pcl(A) D AU cls(A) = cls(A)

} = 0-pcl(A) = cls(A).
dC(X) COPC(X) = 0-pcl(A) C cls(A)
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(3) Let A € 5PO(X).
A€ 6PO(X) = A C int(cls(A))

d-scl(A) = AU int(cls(A))
(4) [20].

} = §-scl(A) = int(cls(A)).

Corollary 3.1. For a function f : X — Y, the following properties are equivalent:
(1) f is almost contra e*0-continuous;

(2) fta-cl(A)] is e*-0-open for every A € e*O(Y);

(3) ft0-pcl(A)] is e*-0-open for every A € 5SO(Y);

(4) ft0-scl(A)] is e*-0-closed for every A € PO(Y).

Proof. Tt follows from Lemma 3.1.

Theorem 3.2. For a function f: X — Y, the following properties are equivalent:
(1) f is almost contra e*0-continuous;

(2) fYV] is e*-0-open in X for each 0-semiopen set of Y';

(3) f7V] is e*-0-closed in X for each §-semiclosed set of Y ;

(4) £ (V] C einty(f [el(V)]) for every V € SO(Y);

(5) fle*-clo(A)] C 6- scl( flA]) for every subset A of X;

(6) e*-clo(f~' B “HO-scl(B)] for every subset B of Y ;
(7) e*-cly(f1 [V
(8) e*-cly(f~1 [V
(9) e*-cly(f~1 [V

[0-scl(V)] for every open subset V of Y;

D)<
et
) C f Y scl(V)] for every open subset V of Y;
e f

Yint(cl(V))] for every open subset V of Y.

Proof. (1) = (2) : Let V € SO(Y).
V € 650(Y) = (3A C RO(Y))(V = UA) } .

(1)
= [T V] =U{f'[A] |4 € A} € e*0O(X).
(2) = (3) : Obvious.
(3) = (4) : Let V € SO(Y).



ON ALMOST CONTRA €"6-CONTINUOUS FUNCTIONS 393

V e SO(Y) = \d(V) € 6SC(Y) } _
(3)

= FINAV)] € e0C(X) = \fL (V)] € e*00(X)

= [TH(V)] € e*00(X) = f~HV] C f7H (V)] = e*int(f~" [cl(V)]).
(4) = (5): Let AC X and z ¢ [~ [6-scl(f[A])].

x ¢ fHO-scl(f[A])] = f(x) ¢ 0-scl(f[A]) = (3U € SO(Y, f(2)))(cl(U) N f[A] = 0)
— (3U € SO, f(x)))(f~ (U] N A = 0)

— (BU € SOY, f(&))(einto(f~(U)]) N A = ) } n

V= er-inty(fel(U)])

= AV e e*00(X,z))(VNA=10)

= ¢ e*-cly(A).
(5) = (6) : Let BCY.
BCY = f!'BCX

(5)

S e*-cly(f 1 [B]) € £ [6-scl(B)].
6) = (7) : Obvious.

= fle*-clo(f~1 [B])] € 6-scl(f[f " [B]]) C b-scl(B)

8)
9) = (1) : Let V € RO(Y).
V e RO(Y)C O(Y)

(9)
= f1[V] € e*0C(X). O

(6) =
(7) = (8) : This is obvious since #-scl(V') = scl(V') for an open set V.
(8) = (9) : Obvious from Lemma 3.1(4).

9) =

= e*~clp(f~"[V]) C fH[in(cd(V))] = V]

We recall that a topological space X is said to be extremally disconnected if the

closure of every open set of X is open in X.

Lemma 3.2. Let X be a topological space. If X is an extremally disconnected space,

then RO(X) = RC(X).
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Theorem 3.3. Let f: X — Y be a function. If Y 1is extremally disconnected, then
the following properties are equivalent:
(1) f is almost contra e*0-continuous;

(2) f is almost e*0-continuous.

Proof. The proof is obvious from Lemma 3.2. U

Remark 1. From Definitions 2.2 and 3.1, we have the following diagram:

contra e*f-con. — contra e*-con. — almost contra e*-con.
almost contra e*6-con. almost contra (-con.
contra R-map — almost contra con. — almost contra pre-con.

Example 3.1. Let X :={a,b,c,d} and 7 := {0, X, {a}, {b},{a,b}}. It is not difficult
to see e*0O(X) = e*O(X) = 2%\ {{c},{d},{c,d}}. Then the identity function f :
(X, 7) — (X, 7) is almost contra e*0-continuous and so almost contra e*-continuous

but f is neither contra e*0-continuous nor contra e*-continuous.

Example 3.2. Let X := {a,b,c,d} and 7 := {0, X, {a}, {b}, {a, b}, {a,c},{a,b,c},{a,b,d}}.
It is not difficult to see €*00(X) = e*O(X) = 2%\ {{d}} and O(X) = 2%\
{{c}, {d},{b,c},{c,d},{b,c,d}}. Define the function f : (X,7) — (X,7) by f =
{(a,b), (b,a), (c,c), (d,d)}. Then f is almost contra e*f-continuous but it is not al-

most contra [3-continuous.

Theorem 3.4. If f : X — Y is an almost contra e*0-continuous function which
satisfies the property e*-inty(f~cls(V)]) C f7HV] for each open set V of Y, then f

18 e*0-continuous.
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Proof. Let V € O(Y).
VeOY) | Theorem 3.1(7)
=
fis a.c.e™f.c.
= [HV] C [ cls(V)] = e-into(e-into(f~Hcl(V)])) € e*-into(f7H[V]) € f7H[V]
= [T V] = e*-inty(fHV])
= f7V] € e*00(X). ]

We recall that a topological space is said to be Py [29] if for any open set V of
X and each z € V| there exists a regular closed set F' of X containing = such that

re FCV.

Theorem 3.5. If f : X — Y is an almost contra e*0-continuous function and Y 1is

Ps,, then f is e*0-continuous.

Proof. Let V € O(Y).
yeVeol) 8™ 3rFeRCY,y)(FCV)
A:={FlyeV = (3F € RC(Y,y))(F CV)} . =

= [1V] = U JF) € e00(X). 0

Definition 3.2. A function f: X — Y is said to be:

a) R-map [6] if f~'[A] is regular closed in X for every regular closed A of Y,

b) weakly e*-irresolute [22] if f~![A] is e*6-open in X for every e*f-open set A of Y,
¢) pre-e*f-closed if f[A] is e*f-closed in Y for every e*f-closed A of X.

Theorem 3.6. Let f: X — Y and g:Y — Z be two functions. Then the following
properties hold:

(1) If f is almost contra e*0-continuous and g is an R-map, then go f : X — Z is
almost contra e*0-continuous,

(2) If f is almost e*0-continuous and g is a contra R-map, then go f : X — Z is
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almost contra e*0-continuous,
(3) If f is weakly e*-irresolute and g is almost contra e*6-continuous, then go f :

X — Z is almost contra e*0-continuous.
Proof. Routine. O

Theorem 3.7. If f : X — Y is a pre-e*0-closed surjection and g : Y — Z is a
function such that go f : X — Z s almost contra e*0-continuous, then g is almost

contra e*0-continuous.

Proof. Let V € RO(Z).

Ve RO(Z)
- = (gof) V] = f7 g7 V]] € e"0C(X)
go fis a.c.e*f.c. =
f is pre-e*f-closed surjection
= fIf g VI = g7 V] € e0C(Y). U

Theorem 3.8. Let {X,|a € A} be any family of topological spaces. If f : X — 11X,
s an almost contra e*0-continuous function, then Pryoo f: X — X, is almost contra

e*0-continuous for each o € A where Pr, is the projection of 11X, onto X,.

Proof. Let a € A and U, € RO(X,).
a € A = Pr, is open and continuous = Pr, is R-map
U, € RO(X,)
= Pr;'U,] € RO(IIX,)
= (Proo f ) MUs] = fHPr U] € er0C(X). O

fis a.c.e™f.c.

Definition 3.3. A function f : X — Y is called weakly e*f-continuous (briefly
w.e*f.c.) if for each © € X and each open set V' of Y containing f(z), there exists a

U € e*00(X, x) such that f[U] C cl(V).

Theorem 3.9. Let f: X — Y be a function. Then the following properties hold:

(1) If f is almost contra e*0-continuous, then it is weakly e*0-continuous,
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(2) If f is weakly e*0-continuous and Y is extremally disconnected, then f is almost

contra e*0-continuous.

Proof. (1) Let z € X and V € O(Y, f(z)).
(z € X)(V € O, f(x))) = cl(V) € RC(Y, f(x))
fis a.c.e*f.c.
= (V)] € e*0O(X, x)
U= (V)]
(2) Let V€ RC(Y) and z € f~1[V].
(Ve RCY))(z € [ [V]) = (V € RO, f(x)))(cl(V) = V)

= (U € e*00(X, 2))(f]U] C (V).

Y is extremally disconnected

= (V) € RO(Y, f(z)) = (3U € e*00(X, 2))(f[U] C cl(V) = V)
fisw.e*f.c.
= (3U € e*00(X, 2))(U C f~1[V])

= V] € e*00(X). O
4. SOME FUNDAMENTAL PROPERTIES

Definition 4.1. A topological space X is said to be:

a) €*0-Ty if for any distinct pair of points x and y in X, there is an e*@-open set U in
X containing x but not y or an e*#-open set V' in X containing y but not z,

b) €*0-T if for any distinct pair of points z and y in X, there is an e*f-open set U in
X containing x but not y and an e*#-open set V' in X containing y but not x,

c) €*0-T, (resp. e*-Ty [13, 14]) if for every pair of distinct points x and y, there exist
two e*f-open (resp. e*-open) sets U and V such that z € U, y € Vand UNV = (.

Theorem 4.1. For a topological space X, the following properties are equivalent:
(1) (X, 1) is e*0-T;
(2) (X, 1) is e*0-T;
(3) (X, 1) is e*0-Tx;
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(4) (X, 7) is e*-T;

(5) For every pair of distinct points x,y € X, there exist U € e*O(X,x) and V €
e*O(X,y) such that e*-cl(U) Ne*-cl(V) = ;

(6) For every pair of distinct points x,y € X, there exist U € e*R(X,z) and V €
e*R(X,y) such that UNV = (;

(7) For every pair of distinct points x,y € X, there exist U € e*00(X,x) and V €
e*00(X,y) such that e*-cly(U) Ne*-clg(V) = 0.

Proof. (3) = (2) : Obvious.
(2) = (1) : Obvious.
(1)=(3): Let z,y € X and = # y.

(z,y € X)(x #y)

(1)
Lemma 24317 ¢ o R(X, 2))(U = e*-cly(U) C W) } _
V:=\U = \e*clp(U)

= (U € e*00(X,2))(V € e*0O(X,y))(UNV = 0).
(3) = (4) : The proof is obvious since e*00(X) C e*O(X).
(4) = (5) : Let x,y € X and x # y.

(z,y € X)(x #y)

= (I € e O(X,x))(y ¢ W)

= (U € e*O(X,2))(FV € e O(X,y))(UNV = 0)

X is Ty
= (AU € e*O(X,z))(AV € e*O(X,y))(U C \V)

= (AU € e*0(X,2))(AV € e*O(X, y))(e*cl(U) C\V)

= (AU € e0(X, 2))(3V € e*O(X, y)) (e int(e*-cl(U)) = e*-cl(U) C e*int(\V)
= (AU € e*O(X,2))(3V € e*O(X, y))(e*-cl(U) C e*-int(\V) = \e*-cl(V)

= (U € e'0(X, 2))(3V € e*O(X, y))(e*int(U) N e*-cl(V) = ).

(5) = (6) : Let z,y € X and x # v.
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(z,y € X)(x #y)
()
= (AU, € e*O(X, 2))(IV; € e*O(X, y))(e*-cl(Uy) Ne*-cl(Vy) = 0)
(Uy == e*-cl(Uy))(Va := e*-cl(V1))
= (AU, € e*R(X,2))(3Vs € e*R(X,y))(Us N Vo = ().
(6) = (7): Let z,y € X and = # y.
(z,y € X)(x #y)
(6)
= (U € e*0(X,x))(TV € e*00 (X, y))(e*-cly(U) Ne*~cly(V) = ().
(7) = (3) : Obvious. O

=

= (U € e*R(X,2))(AV € e R(X,y)) (U NV = 0)

Definition 4.2. A topological space X is said to be:

a) weakly Hausdorff [27] (briefly weakly-T%) if every point of X is an intersection of
regular closed sets of X,

b) s-Urysohn [2] if for each pair of distinct points z and y in X, there exist U €
SO(X,z) and V € SO(X,y) such that cl(U) Ncl(V) = 0.

Theorem 4.2. For a function f: X — Y, the following properties hold:

(1) If f is an almost contra e*0-continuous injection of a topological space X into a
s-Urysohn space Y, then X is e*0-T5,

(2) If f is an almost contra e*0-continuous injection of a topological space X into a

weakly Hausdorff space Y, then X is e*0-T7.

Proof. (1) Let z,y € X and = # y.

(z,y € X)(z #y)

f is injective

= flx) # fy)
Y is s-Urysohn

= (31 € SO(Y, f(2)))((FV2 € SO(Y, f(y))(cl(V1) Nel(Va) = 0) Theorem 3.1(4)

fis a.c.e*f.c.
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= (E|U1 S G*QO(X, l’))(HUQ S 6*90( ))(f[Ul] N f[UQ] - Cl(‘/l) N Cl(‘/g) = @)
= (301 € e'00(X, 2))(IV € e'00(X,y))(f[Ur N Us] = fIU1] N f[U2] = 0)

= (3U; € e*00(X, x)) (U € e*00(X,y)) (U1 N Uy = 0).

(2) Let z,y € X and x # v.

= [(x) # [(y)
Y is weakly-T5

f is injective

(z,y € X)(z #y) }

= (3V1 € RC(Y, f(x)))(3Va € RC(Y, f(y)))(f(z) ¢ V2)(f(y) ¢ V1) Theorem 3.1(3)

f is a.c.e*f.c.
= (301 € e00(X, 2))(3U; € e"00(X, y))(f[Uh] € VI)(f[Us] € V2)(f () & V2)(f(y) & V1)
= (3U; € e*00(X, 2))(3U; € e*00(X,y))(x ¢ Us)(y & Uy). U

Remark 2. [15] The intersection of two e*@-open sets is not necessarily e*f-open as

shown in the following example.

Example 4.1. [15] Let X = {a,b,c,d} and 7 = {0, X, {a}, {b},{a,b}}. Although the
subsets {b, c,d} and {a,c,d} are e*0-open in X, the set {c,d} which is the intersection

of these sets is not e*0-open in X.

Definition 4.3. A topological space X is called an e*0c-space if the intersection of

any two e*f-open sets is an e*f-open set.

Theorem 4.3. If f,g: X — Y are almost contra e*0-continuous functions, X is an

e*0c-space andY is s-Urysohn, then E = {x € X|f(x) = g(x)} is e*0-closed in X.

Proof. Let © ¢ E.
z ¢ E= f(x) #g(x)
=
Y is s-Urysohn

= 3V, € SO(Y, f()))(3Va € SO(Y, g(x)))(cl (V1) N cl(Va) = 0) _
f and g are a.c.e*f.c.
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= (AU, € e*00(X, 2))(AU; € e*00(X, z))(f[U1] N g[Us] C (V1) Necl(Va) = 0)

N
X is e*fc-space

= (U = U1 NV, € e'00(X,2))(f[UI N g[U] C f[Ui] N g[Us] = 0)

= (U € e*00(X,2))(UNE = 0)

=z ¢ e*-cly(E). 0

We say that the product space X = Xy x ... x X, has Property P, if A; is an
e*f-open set in a topological space X; for ¢ = 1,2,...n, then A; x ... x A, is also

e*f-open in the product space X = X; x ... x X,,.

Theorem 4.4. Let f : X1 — Y and g : Xo — Y be two functions, where
(i) X = X1 x Xy has the Property Py,

(1) Y is a Urysohn space,

(iii) f and g are almost contra e*0-continuous,

then A = {(x1,x2)|f(x1) = g(x2)} is e*O-closed in the product space X = X1 x Xs.

Proof. Let (z1,x9) ¢ A.
(x1,22) ¢ A= [f(z1) # 9(22)
Y is Urysohn
= (31 € O(Y, f(21)))(3V2 € O(Y, g(w2))) (cl (V1) N cl(V2) = D)(cl(V2), cl(V2) € RO(Y))
f and g are a.c.e*f.c.
= (f7d(V1)] € e00(Xy,21)) (g7 [cl(V2)] € e"00(Xa, 22))
X = Xy x X5 has the Property P.«y

=

= ((21,22) € Fel(V1)] x g7 [el(Va)] € e"00(X))(f el (V2)] x g~ Y[el(Va)] S \A)
= \A € e*00(X; x X))
= A€ e*00(X; x Xy). O
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Theorem 4.5. Let f : X — Y be a function and g : X — X XY the graph function,
given by g(x) = (x, f(x)) for every x € X. If g is almost contra e*0-continuous, then

f is almost contra e*0-continuous.

Proof. Let V € RO(Y).

VeROY)=XxVeROXXY)
= [V]I=g ' [X xV]eedC(X). O

g is a.c.e*f.c.
We recall that for a function f: X — Y, the subset {(x, f(z))|z € X} of X x Y is

called the graph of f and is denoted by G(f).

Definition 4.4. A function f : X — Y has an e*f-closed graph if for each (z,y) ¢
G(f), there exist U € ¢*00(X,z) and V € O(Y,y) such that (U x V)NG(f) = 0.

Lemma 4.1. The graph G(f) of a function f : X — Y is e*0-closed if and only
if for each (x,y) ¢ G(f), there exist U € e*00(X,z) and V € O(Y,y) such that
flUINV =10.

Proof. Straightforward. 0

Theorem 4.6. Let X and Y be two topological spaces. If f: X — Y is a function
with an e*0-closed graph, then {f(x)} = N{cl(f[U])|U € e*00(X,z)} for each x in
X.

Proof. Let G(f) be e*f-closed. Suppose that there exists a point of x in X such that
{f(z)} # {(fIU]|U € e00(X, z)}.
{f(@)} # N (fIUDIU € er00(X, z)} = (Jy € I (f[UN|U € e'0O(X, z)})(y # f(2))

= (VU € e'00(X, x))(y € c(f[U]))((z,y) ¢ G(f))
G(f) is e*0-closed

= AV e O, y))(y € d(fIU))O = FIUINV = d(f[U) NV #0)

This is a contradiction. O
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Theorem 4.7. If f : X — Y is almost contra e*0 -continuous and Y s Hausdorff,

then G(f) is e*0-closed.

Proof. Let (z,y) ¢ G(f).
(r,y) ¢ G(f) =y # f(x)
Y is Hausdorft

= (f(x) ¢ Y \d(V))(UCY\cd(V)e ROY)) = f(x) ¢ rker(U)

= x ¢ frker(U )]fisaée*ecxgée clo(f7HU)) }:

= \e*-clp(fU])
= (Ve e'90(X,2))(U € OY,y))(V x U C\G(f))
= (V €e00(X,2))(U € OY,y))((V x U)NG(f) =0). =

= (U € O(Y, )3V € O, f(2)))(UNV =)

Theorem 4.8. If f : X — Y have an e*0-closed graph and injective, then X is
6*0—T1‘

Proof. Let x1, 19 € X and xy # x».

(x1,79 € X)(x1 # T9)

f is injective

} = (1) # flaz) = (@1, f(az)) € (X X V)\G(F) } N
G(f) is e*f-closed

= (U € e*00(X, 1)) (AV € O(Y, f(2)))(f[U] NV = 0)

= (U € e00(X, )3V € O(Y, f(z)))(U N f1V] = 0)

= (U € e00(X, 1)) (22 ¢ U)

Then X is e*0-Ty. On the other hand, the notions of e*0-Ty and e*6-T} are equivalent

from Theorem 4.1. Thus X is e*6-13. O

Theorem 4.9. If f : X — Y has an e*0-closed graph and X is an e*0c-space, then
f7YK] is e*0-closed for every compact subset K of Y.
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Proof. Let K be a compact subset of Y and let z ¢ f~[K].
v ¢ [TK]= f(x) ¢ K= (Vy € K)(y # f(z)) = (z,y) € (X xY)\G(f)
G(f) is e*f-closed
= (AU, € 00 (X, 2))(3V, € O, y))(fIU, ] NV, =0)
A= {Vly € K}

= (3./4* - A)(‘A*‘ < No)(K - UA*) X is e;l%—space

= (A COM))(K C UA) }
U={Uli=1,2,...,n}

K is compact

= (U € e*0O(X, 2))(f[U] N K = 0)

= (U € e*00(X,2))(UnN f7HK] = 0)

= (U € e"00(X, 2))(U S \f7[K])

=z € e*inte(X \ fT[K])

a0 e X\ eelg(fUK])

=z ¢ e*-cly(fK]). O

(X
(X

Definition 4.5. A topological space X is said to be:
a) strongly e*0C-compact if every e* -closed cover of X has a finite subcover (resp.
A C X is strongly e*0C-compact if the subspace A is strongly e*0C-compact),

b) nearly compact [26] if every regular open cover of X has a finite subcover.

Theorem 4.10. If f : X — Y is an almost contra e*6-continuous surjection and X

1s strongly e*0C'-compact, then Y is nearly compact.

Proof. Let BC RO(Y) and Y = UB.

fis ac.et.c = {7 [B]IB € B} C e*0C(X))(X = UA)

(B C RO(Y))(Y = UB) } o

X is strongly e*0C-compact



ON ALMOST CONTRA €"6-CONTINUOUS FUNCTIONS 405

= (A" C A)(|A*] < Np)(X = UA") N
f is surjective

= (B = {[[A][A € A"} C B)(|B"| < Ro)(Y = UB"). -

We recall that a topological space X is said to be almost regular [25] if for each
regular closed set F' of X and each point € X \ F, there exist disjoint open sets U
and V such that F C V and x € U.

Theorem 4.11. If a function f : X — Y is almost contra e*0-continuous and Y s

almost reqular, then f is almost e*0-continuous.

Proof. Let v € X and V € O(Y, f(z)).
(z € X)(V € O, f(x)))

Lemma 2.8
=
Y is almost regular
= (IW € ROWY, f(2)))(cl(W) € int(cl(V))) | Theorem 5.1
fis a.c.e*f.c.

= (U € e*00(X, 2))(f[U] C cl(W) C int(cl(V))). O

Definition 4.6. The e*0-frontier of a subset A, denoted by F're«¢(A), is defined as
Freg(A) =e*-clg(A) \ e*-inty(A), equivalently Fre-g(A) = e*-cly(A) Ne*-cly(X \ A).

Theorem 4.12. The set of points x € X on which f: X — Y is not almost contra
e*0-continuous is identical with the union of the e*0-frontiers of the inverse images

of reqular closed sets of Y containing f(x).

Proof. Let A :={z|f is not a.c.e*f.c. at v € X}.

re A = fisnotac.e*fc. atx
— (3V € RO(Y, f(2)))(VU € e*60(X, 2))(f[U] £ V')
(3V € RC(Y, f(2)))(VU € e*00(X, z))(UN (X \ f7V]) # 0)
(z € V] € eclg(X \ fAV]) = X\ em-inty(f~[V])
x € Freo(f1[V])

U
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Then we have A C U{Fr.o(f7V])|V € RC(Y, f(x))}... (%)
r¢ A= fisa.c.ef.c atx

Ve RC(Y, f(x))

= (U € e90(X,2))(U C f~1[V])

=z € e*-inte(fL[V])
= 2 ¢ Freo(f[V])

= ¢ U{Freo(f V]|V € RO(Y, f(2))}
Then we have U{Fr.o(f~V])|V € RC(Y, f(x))} C A...(*x)
(%), (%) = A = U{Freo(fHV])|V € RC(Y, f(z))} . O
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