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ABSTRACT ARTICLE HISTORY

In this paper, we propose modified spline estimators for nonparametric Received 8 February 2017
regression models with right-censored data, especially when the Accepted 5 July 2017
censored response observations are converted to synthetic data.
Efﬁcient.implementation of .these estimgtors depends on the set of Censored data; Kaplan—Meier
knot points and an appropriate smoothing parameter. We use three estimator; Nonparametric
algorithms, the default selection method (DSM), myopic algorithm regression; Penalized splines;
(MA), and full search algorithm (FSA), to select the optimum set of Synthetic data

knots in a penalized spline method based on a smoothing parameter,

which is chosen based on different criteria, including the improved

version of the Akaike information criterion (AICc), generalized cross

validation (GCV), restricted maximum likelihood (REML), and Bayesian

information criterion (BIC). We also consider the smoothing spline (SS),

which uses all the data points as knots. The main goal of this study is to

compare the performance of the algorithm and criteria combinations in

the suggested penalized spline fits under censored data. A Monte Carlo

simulation study is performed and a real data example is presented to

illustrate the ideas in the paper. The results confirm that the FSA slightly

outperforms the other methods, especially for high censoring levels.

KEYWORDS

1. Introduction

In regression analysis, when the effect of a covariate on the response is unspecified para-
metrically, nonparametric regression methods are commonly used to explain the relation-
ship between the response and covariate. Formally, the above situation can be described by
the following nonparametric regression model. Let {(X;, Y;), 1 < i < n} be a random sample
satisfying

Yi=f(X)+e&, a=X <--<X,=b M)

where the Y;’s are observations of the response variable, the X;’s are the values of the covariate,
f is some unspecified smooth regression function and the ¢;’s are independent random error
terms with mean zero and variance 2.

In the case of uncensored response observations, a number of statistical methods have
been developed to estimate model (1), for example, the studies by Eubank (1988), Hardle
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(1990), Wahba (1990), Ruppert (2002), Ruppert, Wand and Carroll (2003), and Eilers and
Marx (2010). In practice, the Y;’s may be incompletely observed and right censored by a ran-
dom censoring variable C;. Therefore, instead of observing (Y;, X;), one observes the dataset
{(Xi, Z,‘, (S,‘), i= 1, 2, ey 7’1} with

Zi=min (Y, G), & =1(Y;, <C) = [Lif (Y <C) and 0 otherwise} , )

where I(.) is an indicator function, and Z; and C; are the failure times (or observed lifetimes)
and the censoring time, respectively, for the ith subject. In the presence of censoring, model
(1) reduces to the censored nonparametric regression model.

Ordinary statistical methods cannot be applied directly to censored observations, and
data transformation is required to explain the relationship between the response and
covariate. In this context, several authors have proposed different data transformations
when the regression function is linear (see Buckley & James, 1979; Koul et al., 1981; Leur-
gans, 1987). Furthermore, a data transformation exists when the form of the regression
function is unspecified, for example, the local average transformation of Fan and Gijbels
(1994) and the data transformation technique studied by El Ghouch and Van Keilegom
(2008). Additionally, the consistency of the weighted estimate of the unknown regression
function for nonparametric regression with right-censored data was studied by Kalbfle-
ich and Prentice (1980) and Wang (1996) discussed the convergence properties of the
weighted kernel estimate for nonparametric regression function; Yang (1999) examined
the weighted kernel estimators of a nonparametric regression function with censored data.
In addition to these authors, there are many studies in the literature on the estimation of
nonparametric regression models with randomly right-censored data. Examples of these
works include Zheng (1984), Cai and Betensky (2003), Dabrowska (1992), and Kim and
Truong (1998).

In this paper, we focus on model (1) when the response observations are subject to random
right censoring. For simplicity, we consider the transformed versions of the censored obser-
vations, called synthetic data, proposed by Koul et al. (1981). We apply a modified regression
spline estimator to the synthetic data to study the knot-selection algorithms in combination
with an appropriate smoothing parameter. The above estimator is a generalization of the
well-known penalized spline estimator for model (1). For more details on penalized splines,
see Eilers and Marx (1996), Ruppert et al. (2003), and Hall and Opsomer (2005). The main
difference in our study is that we consider a randomly right-censored nonparametric regres-
sion model that is estimated by using several knot selection algorithms under simulation and
real data settings. The basic idea is to find a useful selection algorithm that provides a good
approximation f (X) to the function f(X) and then to compare the performance of these
algorithms by using different selection criteria. To the best of our knowledge, such a study
has not yet been conducted.

The rest of this paper is organized as follows. In Section 2, the preliminaries required to
understand the estimation method are expressed, and the regression spline method, synthetic
data transformation and derivation of the proposed estimator are illustrated. The variance
of the estimator and the relative efficiencies are obtained in Section 3. In Section 4, selection
methods for the smoothing parameter are expressed, and in Section 5, the knot selection
algorithms are illustrated. Then, a simulation experiment is conducted in Section 6, and
the estimation method is applied to a dataset of patients with colon cancer. Finally, in the
last section, conclusions and comments about the simulation and real data applications are
presented.
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2. The preliminaries and methodology

We assume that Y;, C;, and Z; have distribution functions E G, and K, respectively, and that
(X, Y) and C are independent. These variables are assumed to be non-negative random with
distribution functions

F(t|IX = x) = P(Y; <t|X = x, (t € R)), G(t|x) = P(C; < t|x), and K(t|x) = P(Z; < t|x)

and corresponding survival functions
F(t|lx) =1 — F(t|x) = P(Y; > t|x), G(t|x) =1 — G(t|x) = P(C; > t|x), and (because
of the independence of Y and C)

K(t|x) =1 —K(t|x) = (1 — (F(t|x) x G(t|x))) = P(Z; > t|x).
To ensure that the model is identifiable, we assume that
Tr = sup [t : 1_3(t|x) > O] ;T =sup [t : (_}(t|x) > 0] ;
Ty = sup [t : K(t|x) > 0] = min(Tf, T¢) (3)

Throughout this paper, we also assume that Tr < oo, G is continuous, F and G have no
common jumps, and G(Tr) > 0. The assumption G(Tf) > 0implies that Tr < Tg; hence, it
is easily seen that Tr = Tk by definition of Tx. Note that under assumption (3), an ordinary
estimate of f(.) can be defined by

oo TF
fx) :/ F(t|x)dt :/ F(t|x)dt = E(Y|X = x). (4)
0 0

Because of the censoring, the traditional methods for estimating f (x) are inapplicable. One
reason for this restriction is that the censored observation Z; and the true random variable
Y; have different expectations. This difficulty can be overcome by using the synthetic data
method, as in censored linear models. We refer, for example, to the studies of Koul et al. (1981),
Lai and Ying (1992), and Zhou (1992) for more details. The synthetic data method enables us,
through some transformation, to modify the censored and uncensored observations, hence
ensuring that a transformed observation has the same expectation as the random variable Y;
in principle (see Lemma 1). In this context, we perform data transformation

&z iz
C1-G(Z) Gz
where G (.) is the common distribution of the censoring variable C;, as mentioned in the intro-

duction to this section. Thus, model (1) transforms to the following censored nonparametric
regression model

(5)

Zig

Zic=fX) + e, cic=Zic— f(Xi), 1 <i=<n, (6)

where the ¢;5's are random variables for a given G, and E(g;5) = 0 (see Appendix A4). There-
fore, there is a distinct probability distribution for Z;; at each point X;; that is, (Z;, X;), i =
1, ..., nisasequence of random variables with the mean of distribution E(Z;|X) = f(X)).
Additionally, the following Lemma 1 shows that Z;; and Y; have the same expected values,
and the unknown regression function f(X) becomes a problem of estimating the expecta-
tion from censored data.

Lemma 1. If instead of Y; only {(Z;, §;), 1 <i < n} are observed and the censoring dis-
tribution G is known, then the regression function f(X) is a conditional expectation; that is,
E(ZigIX) = E(Y}|X) = f(Xi).
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Proof. Lemma 1 can be easily verified by using the assumed independence of Y and C and the
properties of conditional expectation:

[ 8.Z; j| |: 8;Z; :|
EZGglX)=E| —— —|X|=E| —2|X
| 1-G(Z) G(Z)
I(Yi_f C) min(Y;, G) IX] _r [
G [min(Y;, C)]

Y;
=E I(Yifci)——|Xj|

G(Z)

[ Y; i -
= E|E| =——I(Y; < C)IX, Y] |Xi| —E |:_—G(Z,»)|X} = E(Y,|X) = (X))
L |:G(Zi) G(Z) /

In survival applications, the censoring distribution G is usually unknown. Therefore,
Lemma 1 for estimating f(-) cannot always be applied. To overcome this problem Koul et al.

(1981) proposed replacing G with its Kaplan-Meier estimator

A R n n— i I[Z(i)§ t, 6(,’):0]
Gt)y=1-G@) = EEr— , t>0), 7
() () Q<n_i+1> (t > 0) (7)
where (Z, 84), i=1,2, ..., n, are the pairs of observations (Z;, 8;)) ordered on the Z;,
ie,Zyy < Zg) <--- < Zg. Note that if G is chosen arbitrarily, some Z;) may be identical.
In this case, the ordering of Zy, .. ., Z, into Zy), . . ., Z,) is not unique. However, the Kaplan-

Meier estimator enables us to identify the ordering of Z uniquely. Additionally, G(t) has jumps
only at the censored data points (see Peterson, 1977).

Based on (6), several estimates of f(X) can be performed, such as the smoothing spline,
kernel smoothing and regression spline. For convenience, we use the regression spline method
to estimate the unknown regression function in model (6). This estimation procedure is
explained in the following section.

2.1. Derivation of the proposed estimator

We now consider the ideas described above to apply the regression spline (or penalized spline)
method to the case of randomly right-censored data. To approximate the function f(X)
in (6), we use a pth-degree penalized spline with truncated polynomial basis

K
fXGB) =Bo+BX + -+ BXP + > Bpur(X — ki),
k=1

where B = (Bo, Bi, .-, Bps Bpt+1s---» Bprx)' is a vector of unknown coefficients to be
estimated, p > 1 is an integer, (X — k)b = (X — k)P if X > ki or zero otherwise and
{k1, ..., kx} is a set of fixed knots {min(X;) < «; <, ..., < kx < max(X;)}(see Ruppert,
2002, for details about knot selection).

It follows from the above truncated polynomial that the censored regression model in (6)
can be rewritten as

K
Zic = (f(Xi2 B) =Bo+ BiXi+ -+ BpXiF + Z:Bp+k(Xi - Kk)i) +éig, 1=<i=<mn,

k=1

(8)
where the g;5’s error terms with mean zero and constant variance o2, In matrix and vector
notation, model (8) is defined by

Zs=XB + eq, %)
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where X is the design matrix for the regression spline such that the ith row of matrix X is
Xi=[1X.. X' X—)f ... Xi—x0)f], 1<i<n,

and Zg is a vector containing the values of the synthetic variable Z;;. Then, the regression
spline (or penalized spline) estimates of the coefficients vector B are obtained by minimizing
the penalized residual sum of squares (PRSS) criterion

n K
PRSSGh: B) =) (Zic— f(X))' +24)_ B = I|Z—XB|* +1pDB, (10)
i=1 k=1

where D = diag(0,,,, 1k), thatis, D is a diagonal matrix whose first (p + 1) elements are
0 and whose remaining elements are 1.

We note that A8'Df in (10) is called a penalty term because it penalizes the curvature in
function f, thus yielding a smoother result. The amount of penalty is controlled by smoothing
parameter & > 0.In general, large values of A produce smoother estimators, while small values
produce less smooth estimators. A plays a key role in estimating model (8). An additional task
is to select the optimal value of 1. This problem is discussed in Section 4.

In practice, however, since the censoring distribution G is unknown, criterion (10) cannot
be used directly. Therefore, we replace G with Kaplan and Meier (1958) estimator Gin (7). By
introducing the G, the model (8) transforms to Z,x = f(X;) + &,5. From the definition of Z

in (5) it can be seen that ¢ 5 (i = 1, ..., n) form a sequence of identically distributed (but not
independent) random variables. Heuristically, E(¢,;,) = 0asn — 00. So we can treat the syn-
thetic observation values (X;,Z,s) (i =1, ..., n) if they come from a nonparametric regres-
sion model with errors ¢, (i = 1, ..., n). This heuristic argument will help us to determine

estimates for f(.) (see Qin and Jing (2000) for details). Thus with the estimates of G, penalized
criterion (10) can be modified as

n K
PRSS(: B) =) (Zo— fXDV + 1) B, =IZs—XBP+28DB, (1))
i=1 k=1

where Zs = 6,Z;/1 — é(Zi) =6,Z;/ G(Z;) is the estimate of the synthetic data (5), and Z is
the matrix form of synthetic variable Z ..

As indicated above, we want to find estimates of vector  that minimize criterion (11).
Theorem 1 gives these estimators and the regression spline fitted values for nonparametric
regression model (9).

Theorem 1. Let Z; = XpB + & where X is an n x h (where h = p + K + 1) matrix, B is a
h x 1 vector of unknown regression coefficients and e is an n x 1 vector of error terms with

constant variance. The weighted penalized least squares estimator for B is indicated by B and is

defined as

B = (XX + D) 'X'Z; (12)
The fitted values are
f,=S.2Z; (13)

where S, =X (X'X+AD) X' is a smoother matrix. The proof of Theorem 1 is given in Appendix
Al
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2.2. Finite sample properties with ) fixed

It follows that (12) is also a ridge-type regression estimator that shrinks the penalized spline
towards the penalized least squares fit to a pth degree spline with a truncated polynomial.
When the estimator is calculated over a grid of values with fixed smoothing parameter A, this
is very similar to linear ridge regression with a fixed design. Thus, as in ordinary ridge regres-
sion, we can approximate the variance matrix of 8 using the following Sandwich formula

Coo(B) = o*n™ (XX + D)~ (X'X) (XX + AD) . (14)
Similarly, the variance matrix of the fitted values in (13) is given by
Cov(f) = o2n ' (X(X'X + AD) ' X)(X(X'X + AD)"'X'). (15)

Given a choice for A, the only unknown in Eqs (14 and 15) is the variance o2, which can
be replaced by the nearly unbiased estimator discussed in (20).

Now, we present results on the strong consistency and asymptotic normality for penalized
least squares estimators of nonparametric regression models (see, Claeskens et al., 2007). The

ideas are explained by the large sample properties of the estimator /§ in the next section.

2.3. Large sample properties with ., — 0

Denote XA by A, to imply that the value of A depends on the sample size. When n — oo, the

variance of 8 goes to zero and A, tends to zero. However, if 1, — 0 as n — 00, then the bias
of the estimator goes to zero, and asymptotic normality and consistency can be established in
the following two theorems. The assumptions of these theorems are given in the Appendix.
The proofs are similar to those in Yu and Ruppert (2002) and are not presented here to save
space. These theorems are given follows.

Theorem 2. (Yu and Ruppert, 2002) under assumption Al given in the Appendix, let {ﬂAn’ i)
be a sequence of penalized least squares estimators minimizing criterion (10). If the smoothing

parameter A, = o(1), then B, is a strongly consistent estimator of the true parameter .

Theorem 3. (Yu and Ruppert, 2002) Under assumptions Al and A2 given in the Appendix,

let {B,,,,} be a sequence of penalized least squares estimators minimizing criterion (10). If the
smoothing parameter 1, = o(n=/?), then

V1 (B, —By) > N (0. 27 (By) (16)
where Q(B,) = lim,(X'X/n), i.e., 2(B,) is the almost certain limit of n~' (X'X).

In the case of large samples, we can obtain the “Sandwich formula’, which is similar to

(14), for the asymptotic variance matrix of /§ Furthermore, as A — 0, Var(/§) converges to
n~lo?2(X'X)" L

3. Estimating the variance, risk, and efficiency measures

We are now interested in a class of linear estimators for f, B(H) = [f, : A € H|A > 0], with
H denoting any index set. The index parameter A may be any scalar or vector. The main goal
is to select an appropriate estimator of f from the elements [ f;, : A € H]. To obtain such an
estimator, we need to select an optimum value of A. This value is obtained by minimizing the
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selection methods given in Section 4. According to B(H), an n x n smoother matrix S, can
be obtained by each optimum parameter A. Accordingly, for each selection criterion, Eq. (13)
can be rewritten as

f,= (£, ..., X)) =S$,Z; (17)

There are some widely used and accepted performance measures that are used to deter-
mine the optimum estimator. One of these measures, the so-called P, risk, can be obtained as
average value of the residual sum of squares n'RSS()

RSS() = Y ((f), - zl.@)z = -2y (h —Zy) =Z01—-8)'Z5.  (19)
i=1

where ﬁ is defined as in (17). The expected value of the squared residuals given in (18) is also
known as the mean square error (MSE) of prediction and is given by

MSE (0.) = E||Zg — £, = E[ A=$,) Z¢|*

=f,0—-8)f +0’[n—2(S) + (5/S)].
(19)

Details on the derivation of Eq. (19) can be found in Appendix A2.

In practice, if 0% is known, MSE () can be used directly to assess the performance of the
regression function f;. However, o2 is generally unknown. In this case, an estimator for o
can be developed based on the residual sum of squares (18).

As aresult, 0% can be estimated as

52 RSSG) _ Z:1-S,)Z; _ Z— S.)’Z;
€ n—p tr(I —S,)? DFggs

, (20)

where
DFRES = tT(I - S)L)z =n-— 2tr(S,\) + tr(SA/SA) (21)

is called the residual degrees of freedom (DFygs) for the pre-chosen A with any selection crite-
ria given in Section 4. Similar to the comment by Rupert et al. (2003), assuming that the bias
term f;'(I — S; )*f; in (19) is negligible, it follows that 52 = E(RSS(A)/DPFggs is an asymptot-
ically unbiased estimate of o2.

Another performance measure is the R, risk, which measures the expected loss of a vec-
tor f,. The R, risk is given in Definition 3.1. Our application of the results of the simulation
experiments is to approximate the risk in nonparametric regression models. Such approxi-
mations have the advantage of being simple to optimize the practical selection of smoothing
parameters. For convenience, we work with the scalar-valued mean dispersion error.

Definition 3.1. The R, risk is closely related to the matrix-valued mean dispersion error
(MDE) of an estimator f; of f. The scalar-valued version of the MDE matrix is specified as

SMDE(f,.. f) = E(f, — £)'(f, — f) = tr(MDE(f,. f)) (22)
Lemma 3.1. Consider different estimators f,. The mean dispersion error (MDE) of these esti-
mators is the sum of the covariance matrix and the squared bias vector
r; - y 2 £ 2 2, 2 /
SMDE(f,) = E ) (fi(X) — fu:(X)) =Elf — £ = |1 = S, ) fI” + oltr[S,/S;]. (23)
i=1

See Appendix A3 for the proof of Lemma 3.1.
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As shown in Lemma 3.1, the SMDE matrix decomposes into a sum of the squared bias
and variance of the estimator; hence, we can compare the quality of two estimators based on
the ratio of their SMDE in (23). This ratio leads to the following definition concerning the
superiority of any two estimators.

Definition 3.2. The relative efficiency of an estimator fEl (1) compared to another estimator
fr2 (1) is defined by

i — RaG).6) _ SMDE(: (1))
R(fs (), £)  SMDE(n(2)

(24)

where R(.) denotes the scalar risk, which is equivalent to Eq. (23). sz (1) is said to be more
efficient than f‘El (L) ifRE < 1.

Equation (24) is used to evaluate the efficiency of the obtained estimators. In this paper,
the optimum values of A are determined by the four election criteria, while the number and
positions of the knots are based on three selection algorithms, which are presented Sections 4
and 5.

4, Selecting the smoothing parameter

Penalized spline is a linear estimator because it can be written in the form fk = S, Z; with the
smoother matrix S, in (13) being symmetric and positive definite, depending on A but not on
Z;. Our task in this section is to select the optimum value of A. The optimum A is the value
minimizes the average MSE. The MSE average is denoted by T()) and is given by

1 2 1 2 0’2 ,
E(T(0) =E (;H(I—S,\)ZGH ) = ;H I-S)Zs|" + 7tr(sA S:). (25)
The minimizer of Eq. (25) can be taken as a good value of A; however, as shown by this
equation, this is not practical since it depends on the unknown o2. Therefore, we only need
to find a good estimate of the minimizer of (25) based on our dataset. In practice, this esti-
mate can be achieved by using the smoothing parameter selection criteria. A reasonable value
of A can be chosen to minimize the selection methods. Examples of the most widely used
automatic selection procedures are summarized as follows.
GCV Criterion: The generalized cross validation (GCV) score is specified as the minimizer
of (29), defined by (see Craven and Wahba 1979)

GCV () = n | A=8) Z |/ [n ' tra = S0,

where S,, as is defined in (13), is a smoother matrix based on A.

AICc: Note that the classic Akaike information criterion tends to overfit when the sample
size is relatively small; therefore, Hurvich et al. (1998) suggested an improved version, called
AIC,, which is defined by

AIC(1) = 1+log [H (82 —DZ; Hz/n] + [{2tr(S,) + 1}/n — tr(S;) — 2].

BIC: Schwarz (1978) improved the Bayesian information criterion (BIC) by using Bayes
estimators. Thus, the BIC is also called as Schwarz information criterion (SIC). The criterion
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is expressed as
BIC(A) = 1/n||(1 = $,) Zg|"* + (log(n)/n)tr(S;)

REML Criterion: The restricted maximum likelihood (REML) criterion treats A as a vari-
ance parameter. The REML and GCV have a similar form and provide identical values. More-
over, the derivatives of both the REML and GCV with respect to A can be determined naturally
in a common form (see Reis and Ogden, 2009).

The REML score can be specified as

REML(A) = |(I — S$;)Z¢ |*/ n — tr(Sy).

The selection criteria in this paper fall into two main groups. The first group attempts to
minimize the model prediction error by optimizing the model selection-based criteria (or
selectors) and includes AICc, GCV, and BIC. The second group treats smooth functions as
random effects so that the smoothing parameter is a variance parameter that is estimated
by a likelihood-based selector, such as REML (Wood, 2011). In smoothing parameter selec-
tion, although model-based selectors have better asymptotic results, likelihood-based meth-
ods converge faster to optimal values of the smoothing parameter (Hardle et al., 1988). For
more details, see Wood (2011). Additionally, the BIC is closely related to the AICc. Although
the prediction error can be decreased by adding parameters, excessive parameter can result
in overfitting. To overcome this issue, the BIC includes penalty term, as do the selectors AICc,
GCV and REML. The BIC penalty is larger than that of the AICc. Note that Hurvich et al.
(1998) illustrated that AICc performs well for small sample sizes. For details of the compari-
son of the AICc and BIC, see Burnham and Anderson (2004).

These selection criteria balance the complexity of an estimate of f against how well the
model fits the data. When using an adequate number of knots, the value of the smoothing
parameter controls the influence of the penalty in (11).

5. Selecting the number of knots

A spline model with a basis function has knot points. The number of knots, K, is usually
unknown and must be estimated. The key idea is to choose enough knot points to estimate
the regression function with a penalized spline based on a truncated power basis. There are
many studies in the statistical literature on selecting knot points (for example, see Ruppert,
2002; Ruppert et al., 2003; Ke and Wang, 2001).

As stated above, one important step in fitting penalized splines is selecting the number and
locations of the knots. We use the three selection algorithms examined in Ruppert et al. (2003)
to select the number of knots.

5.1. Default selection method (DSM)

The key idea is to choose enough knots to resolve the basic structure in the nonparametric
regression model with censored data (1). The default knot location is defined as

k+1
Kp = (KL—{—Z> th sample quantile of the unique X; fork=1,2,...,K, (26)



2506 (&) D.AYDIN ANDE.YILMAZ

and a simple default selection of K is

1
K = min <Z x number o f unique X;, 35) . (27)

5.2. Myopic algorithm (MA)

A myopic algorithm is an iterative process based on a smoothing parameter selection crite-
rion. The algorithm explores a sequence of candidate values of knots and stops when there
is no improvement in the selection criterion. Suppose that we have a sequence of candidate
values of K{(Kj, ..., Ks) = (5, 10, 20, 40, 80, 120)} for sample size n < 120. Additionally,
assume that A = (A, ..., A,,) is a vector of values of the smoothing parameters. As in Rup-
pert et al. (2003), we use GCV as the selection criterion in the knot selection procedure. For
K;, j=1,...,6the algorithm works as follows:

(1) The penalized spline fit is computed by using A;, which is chosen to minimize GCV (1)
for K, = 5.

(2) The penalized spline fit is calculated based on X, which is chosen to minimize GCV (}.)
for K, = 10.

(3) If GCV(X;) > 0.98GCV(A,), then stop and use the number of knots corresponding to
min (GCV(A;), GCV(X,)). Otherwise, if GCV(X,) < 0.98GCV(A;), repeat steps 1-3 for
j=2,...,6until the stopping rule in step 3 is satisfied. For example, if the process is
completed at K5 = 120, then Ky is considered to produce the best fit.

5.3. Full-search algorithm (FSA)

This algorithm is similar to the MA expressed in the previous section, but the full-search
algorithm searches the entire sequence of possible knots and uses the value that minimizes
the selection criterion. For K, j =1, ..., 6, the algorithm proceed as follows:

1. The penalized spline fits are performed using the smoothing parameter A j, which is

chosen by GCV for the knots K;, j=1,...,6.
2. The value of K; that minimizes the GCV(A;) criterion for j =1, ..., 6 is selected.
We use the GCV criterion in the MA and FSA; however, any of the selection criteria

described in the Section 4 can be used in the knot selection algorithms. Ruppert (2002) and
Ruppert et al. (2003) provide more details about the knot selection methods.

6. Simulation experiment

In this section, we perform a simulation experiment to compare the knot selection algo-
rithms when considering equally spaced knots for selecting A and the number of knots
(K). As indicated in Section 4, X is selected by the GCV, AICc, BIC, and REML methods.
We also use each of these parameter selection methods combined with each of the knot
selection algorithms (DSM, MA, and FSA) in the presence of right censoring. Furthermore,
we consider SS, which has a knot at each data point. The purpose of the simulation is to
compare the relative efficiency and performance of the knot selection algorithms based on
four smoothing parameter selection methods and to illustrate how well a selection approach
works under different censoring conditions.
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True survival times are generated by the following nonparametric regression model in
generic form

Y, = f(X;) + & =2sin(X;) + 1.2log(X7 + 1)+, i=1,...,n, (28)

where &; ~ N(0, 0 = 0.5) and X; = 15[(i — 0.5)/n]. The censoring time variable C is sim-
ulated using different normal distribution functions. For each simulation, we generate 1000
random samples of size n = 50, 100, and 200 based on the following conditions

Condition 1: P(C) = |0.85 4+ 0.15¢|, if ¢ <=1 else P(C) = 0.90

Condition 2: P(C) = |0.65 + 0.15¢|, if ¢ <=1 else P(C) = 0.70

Condition 3: P(C) = |0.45 4+ 0.15¢|, if ¢ <=1 else P(C) = 0.30
where ¢; = |X; — 15|. The censoring levels (CLs) corresponding to the preceding three con-
ditions are approximately 10%, 30%, and 50%. Finally, based on the model with censored data
in (28), we observe the simulated data (Z;, §;) fori =1, ..., n, where

Zi=min (Y;, G) and §; =1(Y; < C).

Because of the censoring, the ordinary methods are not applied to estimate f(X); there-
fore, we consider transformed response (or synthetic) data points, as described section in (2).
Since these synthetic observation points depend on the unknown distribution of the censor-
ing variable C, they are estimated by using the Kaplan and Meier (1958) estimator in (7). The
estimate for the nonparametric regression model with censored data can then be obtained by
minimizing criterion (11). In this step, theorem 1 serves as the basis for computing the fitted
values, given by f,\ = $,Z; in (13).

6.1. Evaluation of the empirical findings

In this simulation study, many configurations are implemented to provide perspective of the
adequacy of the above methods and approximations. Because 36 different configurations are
analyzed, it is not possible to display the details of each configuration. Therefore, a selection
of the simulation results, performed under varying conditions, is given in following tables and
figures.

For each simulated dataset used in the experiments, we use the MSE values, which measure
how close the predicted observations are to the real observations. Suppose we have a sample
size of n; MSE can then be estimated as

n

MSE = » > ) - £ x) . (29)

n
i=1

We choose regression models with small MSE, and boxplots of the replications of these
MSEs are illustrated in Figure 1.

As shown in Figure 1, as the sample size n gets large, the range of penalized spline esti-
mates decreases. The estimates from medium and large samples are more stable than those
from small samples. On the other hand, although the values of the MSE replications differ
for different algorithms, the general trend shows that as the censoring level increases, the
range of the MSEs increases. Hence, censoring levels are far more efficient on large sample
sizes.

Generally, censoring tends to increase the variance of the estimators. The precision
decreases as the censorship level increases. In addition, the precision is improved as the sam-
ple size increases. To examine this case, the MSEs expressed in Eq. (29) are calculated from
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Figure 1. Boxplots of the MSEs from 1000 runs under different simulation scenarios. Upper panel: For each
sample size A1, A2, and A3, the boxplots of the replications of the MSEs when penalized spline estimates
based on the AlCc criterion are constructed using the knot points determined by DMS for the three censoring
levels of 10%, 30%, and 50%. In a similar fashion, G1, G2, and G3 represent the boxplots of the MSE replications
based on the GCV, R1, R2, and R3 represent REML and B1, B2, and B3 denote the BIC. From top to bottom, the
remaining panels are the same as the first panel but are for MA, FSA, and SS.

the penalized spline fits for each knot selection algorithm, criterion, sample, and censoring
level. The outcomes from the simulation study are illustrated in Table 1.

The values in Table 1 are the means of the MSEs over 1000 simulation runs, with the average
number of knots in parentheses. Furthermore, since DSM chooses K =12, 25 and 50 knots for
n =50, 100 and 200, respectively, the number of knots from DSM is not given. As indicated in
the introduction to Section 6, SS sets the number of knots equal to the sample size n; therefore,
this information is not included in Table 1.

According to the results in Table 1, for all censoring levels with small sample sizes, the MA
has better empirical performance than the other methods. However, the MA chooses 5 or
6 knot points in most of the simulation examples. MA with 5 knots is no better than FSA with
the same number of knots, especially for medium and large sample sizes. The K provided
by MA remains approximately unchanged as the sample size increases because the MA
stops the node selection process prematurely. These findings are in accordance with those
of Ruppert et al. (2003), who compared similar knot selection algorithms for uncensored
data.
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Table 1. MSE values and the number of knots chosen by the knot selection algorithms based on the criteria
discussed in Section 4.

n=>50 n =100 n =200
CLs 10% 30% 50% 10% 30% 50% 10% 30% 50%
DSM AlC 0,236 0,391 0,619 0,177 0,203 0,344 0,156 0,202 0,251
Gev 0,242 0,424 0,707 0,179 0,206 0,410 0,157 0,204 0,277
REML 0,238 0,403 0,651 0,178 0,205 0,363 0,156 0,203 0,259
BIC 0,238 0,394 0,624 0,178 0,205 0,347 0,156 0,203 0,253
MA AlC 0,234 0,366 0,549 0,176 0,203 0,303 0,156 0,202 0,225
() ©) ) () ) &) () () )
GCv 0,237 0,379 0,577 0,178 0,205 0,314 0,156 0,203 0,228
(54) (5,5) (55) (53) (54 (53) (51 (52) 5.1
REML 0,237 0,379 0,583 0,178 0,204 0,315 0,156 0,203 0,229
54) 54) (53) (53) (53) (52) 5.1 (52) 5.1
BIC 0,238 0,380 0,584 0,178 0,204 0,317 0,156 0,203 0,229
(54) (55) (55) (53) (54) (53) (51 (52) 5.1
FSA AlC 0,235 0,389 0,616 0,175 0,202 0,336 0,155 0,201 0,243
(W] () (1) (14) (14) (14) (17) (17) (17)
GCv 0,239 0,395 0,61 0,177 0,203 0,333 0,155 0,201 0,241
87 7 (6,8) (87) (7,6) ) ) (85) (7.5)
REML 0,238 0,397 0,628 0,176 0,209 0,34 0,155 0,201 0,244
(9,6) 8,9) (8,6) (10,7) (10) (9,6) (11,9 (11,2) (10,8)
BIC 0,238 0,395 0,627 0,176 0,203 0,34 0,155 0,201 0,245
(54) (5.5) (5.5) (53) (5.4) (53) 51 (5.2) (51
SS AlC 0,248 0,448 0,647 0,207 0,233 0,355 0,191 0,206 0,248
GCV 0,263 0,446 0,853 0,21 0,265 0,441 0,193 0,207 0,269
REML 0,251 0,39 0,726 0,209 0,243 0,387 0,192 0,201 0,249
BIC 0,232 0,388 0,653 0,165 0,226 0,349 0,151 0,199 0,248

By comparing the FSA to SS, we see that FSA has good performance, especially for sam-
ple sizes of 100 and 200. The FSA also provides a lower MSE than that of SS for almost all
censoring levels. Additionally, the FSA has the advantage that it usually requires a shorter
computation time than that of SS. In other words, it is extremely fast, especially for a cen-
soring level of 50%, because an optimum estimate of f(X) in (13) is achieved with a small
number of nodes selected via FSA when A is chosen based on the AICc.

Table 1 reveals that applying FSA to the observations with a censorship rate of 50% yields
superior estimates to those obtained for censoring levels of 10% and 30% for all simulation
examples. The FSA slightly outperforms the other node selection algorithms in terms of MSE.
On the other hand, despite the differences in the number of knots, MA and DSM perform
similarly. However, at high censoring levels, the FSA is faster.

As indicated in the introduction to this section, we use the MSEs to assess the quality of
the regression functions. Additionally, we use paired Wilcoxon tests to determine whether the
difference between the median of the MSEs of any two knot selection methods is statistically
significant at a significance level of 5%. If the median MSE value of a method is significantly
less than those of the remaining four methods, it is assigned a rank of 1. If the median MSE
value of a method is significantly larger than one but less than those of the other three, it is
assigned a rank of 2, and analogously for ranks 3-4. Methods with non-significantly differ-
ent median values share the same averaged rank. The key idea is to specify which criteria
(smoothing parameter selection methods) are most appropriate for the knot selection algo-
rithms. We focus on only a selection of the simulation configurations related to FSA and SS
due to a lack of space. Several examples of such configurations are shown in Figures 2 and 3.
The numbers below the boxplots in Figure 2 graphically display the results from the summary
in Table 2 for select simulation scenarios related to FSA and SS. Furthermore, the results of
all 36 simulation experiments are given in Tables 2 and 3.
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Figure 2. Top left panel shows the observations, true regression function, and four estimated curves from
AlCc, GCV, REML, and BIC for the knot points determined by FSA with CL = 50% and n = 100. The top right
panel shows boxplots of the MSEs for these fitted curves. The numbers below the boxplots are the paired
Wilcoxon test rankings. The bottom panels are similar to the upper panels but for n = 200.

The left panels of Figure 2 show four penalized spline fits of the simulated data for different
values of A and with knot points determined by the FSA. Each panel presents a single realiza-
tion of simulated data and hence different fitted curves. The left panels show boxplots of the
MSE replications of the obtained fitted values based on the different A values chosen by the
four criteria. The numbers under the boxplots indicate the Wilcoxon test rankings based on
the median of the MSEs. From Figure 2, we see that all four penalized spline fits follow approx-
imately the same pattern and are quite satisfactory. The four criteria (AICc, GCV, REML, and
BIC) share the same performance orderings for medium and large sample sizes under a cen-
soring level of 50%; therefore, the criteria for selecting A have approximately equivalent per-
formance in terms of MSEs when using knots of the FSA.

As shown in Figure 3, as the sample sizes get large, the penalized spline estimates approach
the real regression function stated in (28). However, the boxplots of the MSE values in the
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Figure 3. Similar to Figure 2 but for SS with sample sizes of n = 50 and 200.
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Table 2. Wilcoxon test rankings related to the criteria and algorithms.

n=>50 n=100 n=200
ClLs 10% 30% 50% 10% 30% 50% 10% 30% 50% Overall
DSM AlCc 15 15 15 2,0 15 10 2,0 15 15 1,56*
GCv 4,0 4,0 4,0 2,0 4,0 4,0 2,0 4,0 4,0 3,56
REML 15 15 15 2,0 15 2,5 2,0 15 15 1,72
BIC 15 15 15 2,0 15 2,5 2,0 15 15 1,72
MA AlCc 2,0 2,0 1,0 2,0 2,0 1,0 2,0 2,0 1,0 1,67*
GCV 2,0 2,0 2,5 2,0 2,0 2,5 2,0 2,0 2,5 2,17
REML 2,0 2,0 2,5 2,0 2,0 2,5 2,0 2,0 25 2,17
BIC 2,0 2,0 2,5 2,0 2,0 2,5 2,0 2,0 25 2,17
FSA AlCc 2,0 10 2,0 2,0 15 2,0 2,0 2,0 2,0 1,83*
GCV 2,0 2,5 2,0 2,0 4,0 2,0 2,0 2,0 2,0 2,28
REML 2,0 2,5 2,0 2,0 15 2,0 2,0 2,0 2,0 2,00
BIC 2,0 2,5 2,0 2,0 15 2,0 2,0 2,0 2,0 2,00
SS AlCc 15 15 2,0 2,0 15 15 2,0 15 15 1,67
GCV 4,0 4,0 4,0 2,0 4,0 4,0 2,0 4,0 4,0 3,56
REML 15 3,0 3,0 2,0 3,0 3,0 2,0 3,0 3,0 2,61
BIC 15 15 1,0 2,0 15 15 2,0 15 15 1,56*

():Under each algorithm, indicates the optimum selection criteria having the best rankings.

top right panel of Figure 3 show that BIC provides the best fitted values, especially for small
sample sizes. The bottom right boxplot indicates that AICc and BIC have approximately equal
performance due to the effect of the simulation replications.

An important step in this stage is to determine which criteria to use for the knot selection
algorithms. Table 2 is constructed based on the rankings of the median values of the MSEs
(see the right panels of Figs. 2 and 3) under each censoring level and sample size. According
to Table 2, when 10% of the data are censored, the criteria perform equally, especially for the
MA and FSA. As the sample size and censoring level increase, these criteria are also more
stable for the MA and FSA than for the other two algorithms. The criteria are not stationary
for DSM and SS when the simulated datasets are censored at rates of 30% and 50%.

In summary, according to the overall Wilcoxon test rankings in Table 2, the AICc provides
the desired smoothing parameter A for the DSM, MA and FSA. For the remaining algorithm
(SS), the optimum value of A is chosen by the BIC. Thus, the AICc and BIC are the optimum
selection criteria. In Table 2, these criteria are indicated with an asterisk for each algorithm.

From the information given above, by employing the AICc, we obtain the penalized spline
fits at the knot points determined by the DSM, MA and FSA. Additionally, to obtain fitted
values at all data points (that is, for SS), the smoothing parameter is obtained by the BIC. The
spline fits for some of the simulation scenarios are displayed in Figure 4. Furthermore, the fits
for n = 50 are similar to those for n» = 100 and are not given here. The goal is to compare the

Table 3. Wilcoxon test scores obtained according to the knot selection methods.

n CLs DSM MA FSA SS
50 10% 2,5 4,0 2,5 1,0
30% 15 15 15 4,0
50% 25 10 25 4,0
100 10% 2,5 4,0 2,5 1,0
30% 15 15 15 4,0
50% 25 1,0 25 4,0
200 10% 2,5 4,0 2,5 1,0
30% 2,5 4,0 1,0 2,5
50% 15 15 15 4,0

Average Scores 2,17 2,50 2,00 2,83
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Figure 4. For medium and large sample sizes with CL = 30% and 50%, each panel shows the observations,
real regression function, and fitted curves based on the optimum criteria for the DSM, MA, FSA, and SS.

fitted values from the algorithms for various censoring levels and samples sizes. The results
appear to be quite reasonable for large sample sizes with high censoring levels; however, as
noted previously, the estimated curves are not good for small sample sizes.

For each sample size and censoring level, we compute the penalized spline fits based on the
optimum criteria for the DSM, MA, FSA, and SS. The DSM, MA and FSA are compared to
the estimates from SS using the optimum criteria (AICc and BIC). To this end, the MSEs of
these algorithms are calculated, and the Wilcoxon test rankings of the median values of the
MSEs are presented in Table 3.

According to the results in Table 3, the FSA is superior for all sample sizes and censoring
levels. The DSM shows similar behavior to the FSA. As the sample size increases, the results
become increasingly similar. In general, the MA method has the worst performance, and the
average scores show that the FSA is the best knot selection algorithm in this simulation study.

6.2. Efficiency comparisons

To make inferences regarding the change in efficiency of the estimators due to the different
algorithm and criterion combinations, we use the scalar-valued SMDEs in (23). As described
in Definition 3.2, the relative efficiencies (REs) are constructed based on the SMDE ratios for
datasets with different censoring levels. The key idea is to track the changes in the efficiencies
of the combined estimators for different sample sizes. The obtained RE ratios are illustrated
in Figures 5 and 6, and they are analyzed in terms of both the knot selection algorithms and
the smoothing parameter selection criteria.

Figure 5 shows the overall relative efficiencies of the algorithms (DSM, MA, FSA, and SS).
The DSM, MA, and FSA are used to select the optimum K knots in the penalized spline based
on a smoothing parameter that is selected based on the AICc, GCV, REML, or BIC. Both panels
of Figure 5 show that efficiencies of the DSM, MA and FSA are higher than those of the SS
for samples with CL = 10%, but the efficiency of SS increases more rapidly as the sample size
increases, especially for a censoring level of 50%.

Figure 6 shows the overall relative efficiency of each criterion within each knot selection
algorithm in terms of the SMDE. The left panel of Figure 6 shows that the AICc dominates the
other criteria for all sample sizes with CL = 10%. Additionally, the efficiency of the BIC shows
similar behavior to that of the AICc. The right panel of Figure 6 reveals that for CL = 50%,
the AICc remains superior; therefore, for censored data, the AICc has the best performance,
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Figure 5. Overall relative efficiencies of the algorithms for different sample sizes with the censoring levels
of 10% and 50%.

making it the ideal selection method for nonparametric regression using the penalized spline
method. The simulated relative efficiencies of GCV are not good, especially for small sample
sizes with CL = 10%. In a similar fashion, the relative efficiency of the BIC is not good for
small sample sizes with CL = 50%.

The graphical results indicate a very good relative efficiency for the FSA for all censored
datasets. Therefore, the FSA is an efficient knot selection algorithm, but it is not efficient on
samples smaller than n = 30.

7. Real data example

We now present a real data example to compare the knot selection methods numerically. The
data in panel (a) of Figure 7 are the survival time and albumin (i.e., the most common pro-
tein found in the blood) values of patients with colon cancer admitted to a hospital in Izmir,
Turkey. In this example, the logarithm of the survival time is considered as the response vari-
able (Suro Time), while the albumin value is used as an explanatory variable (Albumn). The
key idea is to explain the relationship between these two variables using the model

log(SurvTime;) = f(Albumn;) +¢;, i=1,...,97. (30)

Relative efficiencies for Censoring Level=10% Relative efficiencies for Censoring Level=50%
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Figure 6. Overall relative efficiencies of the criteria for different sample sizes with censoring levels of 10%
and 50%.
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Figure 7. Colon cancer data: (a) Scatterplot of the log,, (survival times) against albumin values: Censored
patients are denoted by “4, and the failure times (or observed lifetimes) are indicated by “ « " (b) Scatterplot
of the synthetic data versus albumin values. The same symbols are used for the synthetic data. (c) Residuals
from the regression of survival times on albumin together with the scatterplot smooth. (d) Real observations
and fitted curves.

The 97 patients with complete records are used for the analysis. Of these 97 patients 32 are
right censored for various reasons, including sudden death or withdrawal from the experi-
ment, and the remaining 65 patients are dead, i.e., uncensored. The censoring rate is 32.99%.

The comparative outcomes of model (30) with the censored colon cancer data are summa-
rized in the following Figures and Tables.

The scatterplot of Surv Time versus Albumn is shown in panel (a) of Figure 7. Panel (b) is
similar to panel (a), showing the scatterplot of Surv Time against Albumn. Censored observa-
tions are denoted by “+”, while uncensored data points are indicated by “+”. Additionally, the
residuals are plotted against Albumn in panel (c) of Figure 7 to see the shape of the functional
relationship between Surv Time and Albumn. The residuals are obtained from the results of
the censored least squares regression fits to the data (see Qin and Jing, 2001). When a curve
is added to the scatterplot smooth, it is clear that there is nonlinearity between the two vari-
ables, indicating that nonparametric regression will give more reasonable results. Finally, the
penalized spline fits for the DSM, MA, FSA, and SS, based on the optimum criteria from the in
simulation section, are depicted in panel (d). These fits show that the effect of albumin on the
survival time depends on the value of albumin. In other words, the marginal effect of albumin
is non-constant.

Figure 8 shows four curves fitted to the colon cancer data obtained by using (17) with
smoothing parameter X selected by the AICc, GCV, REML, and BIC under each knot selec-
tion algorithm. Each fit depends on the set of knot points and the smoothing parameter A.
Figure 8 shows that the fitted curves from the FSA, MA, and DSM are smoother than those
obtained by SS, which uses all knot points. Although the knot points cover the range of
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Figure 8. Penalized spline regression fits to the colon cancer data with different smoothing parameters for
each algorithm.

Albumin values reasonably well, they do not have a substantial effect on the fitted curves.
However, the smoothing parameter A has a very strong effect, as shown in the bottom right
panel of Figure 8, where the fits from the colon cancer data are shown for the values of A
chosen by the four criteria with the all knot points used.

Figure 8 also compares the knot selection algorithms with the smoothing parameter selec-
tion criteria on the censored colon cancer data. The estimates made when using all knot points
are not good. In this context, the number of knots and the SMDE:s from the fits for each algo-
rithm and criterion are given in Table 4. As defined in Eq. (23), these SMDE values decompose
into a sum of the squared bias and variance of the estimator. These variance and bias values
are also presented in Table 5.

Table 4. The SMDE values and number of knots (K).

DSM K MA K FSA K SS K
AIC 1,680 6 1,321 6 1,065 5 2,974 97
GCV 2,059 6 2,451 5 1321 8 3,083 97
REML 2,059 6 2,451 5 1,321 8 3,083 97
BIC 1,680 6 1,321 5 1,065 52 2,974 97
Means 1,869 1,886 1,193 3,029

Table 5. The variance and biases of the algorithms.

DSM MA FSA SS
Variance Bias Variance Bias Variance Bias Variance Bias
AlC 0,600 1,039 0,575 0,864 0,703 0,602 0,645 1,526
GCV 0,551 1,228 0,533 1,385 0,575 0,864 0,662 1,556
REML 0,551 1,228 0,533 1,385 0,575 0,864 0,662 1,556

BIC 0,600 1,039 0,575 0,864 0,703 0,602 0,645 1,526
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For K = 97 knots, the SMDE of the SS is substantially higher than those of the other
algorithms, which is not surprising because the SS considers all values of K. Table 4 shows
that the SMDE values from FSA are equal for the AICc and BIC. Moreover, using the AICc
or BIC to select a smoothing parameter produces smoother fits than using GCV and REML.
Specifically, if the smoothing parameter is chosen via the AICc, one can obtain a fit with K =
5 knots selected by the FSA (see Table 4). This case indicates that the FSA is extremely fast.
Additionally, according to the means given in Table 4, the FSA provides a better approxima-
tion than the other algorithms. As shown in Table 5, this means that the fitted values from
the FSA using the BIC have more variance and less bias than those associated with GCV
and REML; however, the fitted values will be approximately equally accurate in terms of the
SMDE (see the means in Table 4).

8. Conclusions and recommendations

The simulation and real data results are satisfactory in general. As the sample size increases,
the right-censored nonparametric model produces a closer fit to the real observations. The
estimates from medium and large sample sizes are more stable than those from small sample
sizes. Furthermore, as the censoring level increases, the range of MSEs of the fitted values
becomes large; hence, the censoring levels are far more efficient on sample sizes.

The overall Wilcoxon test rankings show that the AICc gives the optimum smoothing
parameter X for the penalized spline fits based on knot points selected by the DSM, MA,
and FSA, while the BIC provides the optimum X for the SS. For penalized spline fits based
on a smoothing parameter chosen by the AICc, the FSA slightly outperforms the other
knot-selection algorithms in terms of SMDEs. Additionally, the fitted curves of the FSA, MA,
and DSM are smoother than those of the SS, which uses all the knot points. Moreover, the
smoothing parameter A has a substantial effect in obtaining these smooth curves, but the
knot points do not have a substantial effect.

The fitted curves using GCV and REML do not yield good performance in the estimation
of the nonparametric regression model. Furthermore, the penalized spline fits based on these
criteria give similar results.

Finally, based on the simulation and real data results, the following suggestions should be
considered:

¢ Under response observations with right censoring, the AICc is recommended as the

selection criterion for penalized spline regression fits, especially for knot points deter-
mined by the FSA.

e For SS, which considers all the data points, the BIC criteria is most appropriate.

¢ Although DSM works well in most of the censored data experiments, it does not use

any information from the data except the sample size. Therefore, an algorithm that
considers the data to select the number of knots should be used instead of the DSM.

e Since the knot selection process in the MA is based on an early stopping strategy, using

the FSA, which selects the optimum number of knots and provides a much better fit,
instead of the DSM, would be beneficial.

A. Appendix: Supplemental technical materials
The following assumption is required for the proof of strong consistency.

Assumption Al. The parameter space ® is compact. For given G, the mean lifetime of the ith
observation should be E (Z;5|X;) = X;8 = 1;(B). Itis also noted that this mean function . (.)



COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 2607

is continuouson O, (1/n) "7, {1i(B) — M,»(B)}zconverges uniformly to some limit in ﬂ,ﬁ €
® and PRSS(A; B) = lim(1/n) Y, {:i(By) — wi(B)}* exists and has a unique minimum at
ﬂ = ﬂo-

Asymptotic normality can be established under the following additional assumption.

Assumption A2. The true parameter vector §, is an interior point of ®, the mean func-
tion p(.) is twice continuously differentiable in a neighborhood of B,, and Q(B,) =

lim(ﬁ) Yo ((Bui(B)/9B) lg,) (i (B)/3B)lg,) = lim,(1/n)X'X exists and is nonsingular
and converges uniformly in 8 in an open neighborhood of B,.

A1l. Proofof Theorem1

Let’s consider the model Z» = XB + . The vector of ordinary least squares residuals can be written
as es = (Zz — XP) and hence

eg'e; = (Zg — XB) (25 — XB)
The ordinary least squares regression fits can be described as
ié = X[§ where ﬁ minimizes (Z; — XB)' (Z; — XB)

and B = (Bo, B, - Bps Bpi1s --r Bprk)'s with By the coefficient of the kth knot. As known, unre-
stricted estimation of the 8,4 leads to a wiggly fit. We assume that constraint on B, the coeffi-
cient is ﬁ; 1+« < C, where C > 0. Also, let S; be a positive definite and symmetric matrix, and D

bea (K + 2) x (K + 2) diagonal penalty matrix whose first (p + 1) elements are 0, and the remaining
elements are 1. Then, the criterion function (11) relating the model (9) can be written as

minimizes (Z; — X,B), (Zz — XB) subjectto Af'DB < C.

Using a Lagrange multiplier argument this expression is also equivalent to the criterion (11). As
previously stated, this criterion is

PRSS(A; B) = (Z; — XB)' (Z5 — XB) + Af'DB (Al1.1)

Simplifying

PRSS(»; B) = (Zs — XB) (Z; — XB) + 1B DB
=ZZ;—ZXB-BXZs+ BXXB+ 1B DB

Since B'X'Zsis 1 x 1, FX'Z: = (BX'Z;) = Z’éXﬂ. By substitution,

PRSS(A: B) = Z,Z; —2Z.XB+ B (X'’X) B+ 1B'DB (AL2)
=Z:Z:—-2(XZ:) B+ B (XX)B+18DB '

In order to minimize (Al.1), we could differentiate (A1.2) with respect to 8 and set the derivative
equal to zero:

P = X2 4 2§ (XX) + 22D =0 (A1)

Setting (A1.3) equal to zero and replacing § by ﬁ, we see that the penalized least squares normal
equations are obtained as

A

(X'X+1D) B =X'Z,; (Al1.4)
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To solve for ﬁ multiply each side of the equation (A1.4) by (X’X+AD)™! to obtain the penalized
least squares estimator

,\ 1o,
B = (XX+AD) X'Z;
Thus, fitted values are given by

Z;=X(X'X+AD) ' X'Z;=S$,Z; =1,

as claimed.

A2. Derivation of the equation (19)

We begin by considering the general definition of quadratic form, Theorem and Lemmas for
proof of the equation (19)

Definition Al.1: Let S, =[s;;] be a positive semi-definite and symmetrical # x n matrix
depending on the A; and & =(¢, ..., &,) be n x 1 vector of random variables. Then

q= Z Z Sijeigj = E,SAE (AIS)
i=1 j=1

is a called a quadratic form in & and S; is a called the matrix of a quadratic form.
Theorem Al.1: If E(¢’e) = Cov(e) = ) =(0jj), and E(e) = 0, then
E (E'S)Ls) = Z ZSU O'ij =tr (S}L Z)
i=1 j=1

where tr(A) denotes trace of the matrix (A)

Proof
E[(e — E(e))'S, (e — E(e))] = E [Z s — EGe)) (e — E(s,o)}
i=1 j=1
. [(gi—E(gj))’ (s,»—E(gj))] =33 s,Cov (g1 6)) = tr (5, Y)
i=1 j=1 i=1 j=1
as claimed. O

Theorem A1.2: Let & be an n x 1 random vector with E(¢) = p and Cov (¢) = ) = (0y)).
Let S; be a n x n constant matrix. Then, the expected value of the equation (A1.5) is

EESe) =S, n+tr(s,)) (A1.6)
Proof. It is well known that for i # j,
oy = E (eie)) =
and that for i = j,
0ij = 05 = E (812) — Mlz = aiz

According to (A1.6), the expected value of the quadratic form &’S; e in expanded form is

E (q) =E Xn:i:sijsiej = 2":2":13 (sijs,»sj)

i=1 j=1 i=1 j=1
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Since 0; = E(&i&j) — [t j, we obtain E(gi&j) = 0jj + Wil
Substituting,

= ZZSijE (Sié‘j) = ZZS,‘]' (Uij +M1M]) = Zzsijaij +ZZSUMZI’LJ

i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1
(A1.7)

Note also that the terms o;; are the elements of the variance-covariance matrix ). This
matrix is a symmetric matrix whose ith element is the variance of ¢; and whose (ij)th off-
diagonal element is the covariance between ¢; and ;.

It follows from (A1.6), and theorem 1 that the equation (A1.7) is equivalent to

E(&'Se) =tr (SAZ) +u'S, 1
This completes the proof of theorem A1.2.
Again, let’s consider equation (13)
RS () = (B~ Z5) (B —25) =25 1 -8,
Thus, from Theorems A1-A2 connected with quadratic form, the expected value of the
RSS(h) is stated as
N 2
E[RSSG)] = MSEG) = E[[f, - 25| = B[ -8,z
=E|Z;I—S)A—-S)Z¢| =0 —S,)°f, + 0 (trd —S,)%)

=f(I-S,)*f, + no — 20%r(S,) + o*tr(S;S;)
=f,(I1—S8,) £, + 02 [n—2tr(S;) + tr(S;S) |

as defined in the equation (19). O

A3. Proofof the Lemma 3.1

SMDE = E|f — f’,\ I, where i\’,\ = S, Z; Then the scalar valued version of the MDE matrix can
be specified as

SMDE ( ) 3 [(ﬁ(X) _E (J?M(X)))]2 + Cov [f,\i(X)]

i=1

= 3[40~ B(5,2:) ]+ Coo |
[H00 ~ B(5,20) ] +Col(5:2)],

&),
A—=S,)f || 24 tr[Cov (S:Z¢)]
=8, )f || 2+ tr[S:Cov ( ¢) S

Assume that Cov (Z) = 071, yields

M:

+ Cov [(S:2¢),]

I
1=

i=
I
I

SMDE (f,) = 1= 8, £1) 2 + o247 [5,'S,]

A4. Derivation of theE(e;5) =0

In view of Lemma, we may write E(Z;5|X;) = f(X;). Note that G is the cumulative distribution function
of the censoring variable C;, as pointed out before. When G is known, the expectation of the error terms
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£1G> ---» EnG are obtained by

E(eig) = E[Zic — E (Zig|Xi)]
=E(Zig) — E(E(Zig|Xi)) =0

as claimed. Thus, the data set (Z;g, X;) can be considered as observations drawn from a nonparametric
model with errors g;c. This argument helps us calculate the estimate of f(X).

When G is unknown, a natural solution is to replace G by its Kaplan-Meier (1958) estimator G.Ttis
obvious that errors occur caused by this estimation procedure. In this case, we cannot expect that the
expected value of the errors will also obtain zero. Heuristically, however, they should converge to zero
for a sample size tending to infinity.
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