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Abstract. A nonlinear regression expression was fitted to the test data obtained from a study of
the bending moment capacity of 320 rectangular T-shaped mortise and tenon furniture joints
consisting of 64 configurations of five specimens each. A statistical lower tolerance limit approach
was then used to explore the degree to which these values should be reduced when used for design
purposes and the confidence that a user might have in these reductions. The procedure followed
was to apply statistical lower tolerance limit techniques to the ratios obtained by dividing each test
value by its corresponding estimated value. To gain insight into the relationship of a specific confi-
dence–proportion level and its corresponding reduction factor on the percentage of an estimated
value that could be used for design purposes, lower tolerance limits were computed for four confi-
dence–proportion levels. The results illustrate a statistical technique that can be used to determine
reduction factors and the impact of the selection of any of the given confidence–proportion levels on
design values.

Keywords: Statistical lower tolerance limits, rectangular mortise and tenon joints.

INTRODUCTION

In studies of the bending moment capacities of
furniture joints, researchers (Kasal et al 2008)
have modeled the resulting test data by means

of equations obtained from nonlinear regres-
sion analyses of the data. Such equations are
useful in that they provide a means of concisely
compressing the results of a study into an easily
useable form that is suitable for use in design
manuals, etc. A limiting factor in the use of such
equations, however, is that the estimates are
essentially only “averages” of the test values
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obtained for any joint configuration. Hence, for
design purposes, the values estimated by these
equations should be reduced to take into account
the fact that about half of the test values on
which the expression is based were less than the
corresponding estimated value.

Statistical lower tolerance limit (LTL) tech-
niques provide a means of obtaining rational
insights into the consequences of choosing spe-
cific reductions in estimated values. In the case
of test data for a single specific joint construc-
tion, eg LTL techniques can be used to provide
a specified degree of confidence that a specific
percentage of joints of like construction could
be expected to have capacities greater than
some chosen value (Natrella 1963; Ostle 1963;
Link 1985).

The application of statistical LTLs to the dif-
ferences between estimated and test values for
joints representing a variety of constructions
presents a somewhat unique use of LTL tech-
niques, and given the lack of precedents, it is
useful to examine the results of such an
application. In the paper which follows, the
test results obtained by Kasal et al (2013) for
320 rectangular mortise and tenon joint spec-
imens (2 species � 2 glue types � 4 lengths �
4 widths � 5 replicates) and the estimates
provided by the equation fitted to them are
analyzed to obtain insights into the above
questions. The primary purpose of the analy-
sis was to obtain insights into the relationship
between chosen confidence–proportion levels
and the LTLs obtained—as a proportion of the
values estimated by the regression equation.
Results of the study are given in the follow-
ing sections.

OBJECTIVES

The primary objective of the study was to
explore how statistical LTLs might be used to
rationalize the differences between test and esti-
mated joint capacity values for design purposes.
A specific objective was to illustrate the effect
of the selection of given confidence–proportion
level on the reduction of estimated values.

MATERIALS AND METHODS

Description of Specimens and its Construction

The geometries of the tenons used in the study
of Kasal et al (2013) are illustrated in fig 1.
Half of the joints were constructed of Turkish
beech and half of Scotch pine; half of the joints
of each species in turn were bonded with either
a 65% solids polyvinyl acetate or a poly-
urethane adhesive; thus, 80 specimens were
constructed of Scottish pine with a polyvinyl
acetate adhesive, 80 of Scottish pine with a
polyurethane adhesive, 80 of European beech
with a polyvinyl acetate adhesive, and 80 of
European beech with a polyurethane adhesive,
for a total of 320 specimens. Strength properties
of the wood species are given in Table 1. Test
specimens were conditioned to and tested at
12% � 0.2% moisture content.

Method of Testing

All bending moment tests were carried out
on a universal testing machine. A concen-
trated load was applied to the rail of a spec-
imen at a point 300 mm from the front edge
of the post so that the moment arm was 0.3 m
(fig 2). Loading rate was 6 mm/min. Loading
was continued until a nonrecoverable drop in
load occurred.

Procedures

The procedure followed in this study was to
divide each of the 320 test values obtained by
Kasal et al (2013) given in Table 2 by its corre-
sponding estimated value, where the estimated
values are given by solution of the nonlinear
regression equation (Kasal et al 2013)

M ¼ 0:118� 0:25� D�Wð Þ þ 0:78�W½ �
�L0:8 � S 0:55 ð1Þ

where D refers to rail width, mm; W refers to
tenon width, mm; L refers to tenon length, mm;
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and S refers to shear strength of the wood, N/mm2.
The coefficient of determination (R2) value of
the derived expression was 0.76.

LTLs were then determined for the resulting
data set (Table 3) by means of the relationship

LTL ¼ X�‐ k � s ð2Þ

where LTL refers to the lower tolerance limit,
X� is the average of the test/estimated ratios, s is
the standard deviation of the ratios, and k is the
appropriate tolerance factor (Ostle 1963; Link
1985) for 320 specimens.

A “low” 75% confidence|75% proportion level
and a “high” 90% confidence|90% proportion
level were selected as starting points under the
assumption that at the lower LTL a substantial

Table 1. Strength properties and moisture content of wood species.

Wood species
MOE

(N/mm2)
Tension strength

(N/mm2)
Compression

strength (N/mm2)
Shear strength

(N/mm2)
MOR

(N/mm2)
Density
(g/cm3)

MC
(%)

Turkish beech 11183 118.4 60.7 10.31 115.9 0.60 10.8
Scotch pine 10289 65.5 57.2 6.21 88.3 0.45 11.2

Figure 1. Cross section of all rails was 21 mm by 60 mm. Tenons were 7-mm thick with a 2-mm top and bottom edge radius.

Figure 2. Test arrangement.
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number of joints might be expected to have
capacities less than the chosen level, whereas
few joints would be expected to have less
capacity than the LTL at the 90%|90% confi-
dence|proportion level; however, LTLs at the
75|90 and 90|75 confidence|proportion levels
also were included in the study to provide
added information.

RESULTS

Test/Estimated Ratios

The test-capacity/estimated-capacity ratios for
the four broad specimen groups (pine/polyvinyl
acetate [PVA], pine/polyurethane [PU], beech/
PVA, and beech/PU) are given in Table 3.

The average value of the 320 ratios was 1.045
with a standard deviation of 0.199. Of these
ratios, 173 were greater than 1.0, whereas 147

were less than 1.0. The minimum ratio was
0.580 and the highest ratio was 1.583.

Distribution of ratios in terms of the above four
categories was as follows: In the case of the
beech|PVA configuration, 26 ratios were less
than and 54 were greater than 1.0. Correspond-
ing statistics for the beech|PU configuration, the
pine|PVA configuration, and the pine|PU con-
figuration were 42 less vs 38 greater than 1.0,
52 less vs 28 greater than 1.0, and 27 less vs 53
greater than 1.0, respectively.

Equation (1), therefore, overestimates the
capacity of 26 (32.5%) and underestimates
the capacity of 54 (67.5%) of the 80 beech|
PVA joints. Likewise, equation (1) overesti-
mates the capacity of 42 (52.5%) and under-
estimates the capacity of 38 (47.5%) of the
80 beech|PU joints, overestimates the capacity
of 52 (65%) and underestimates the capacity of

Table 3. Individual test/predicted ratios for T-shaped mortise and tenon joints.

Tenon width (mm)

30 40 50 60

Tenon length (mm)

20 30 40 45 20 30 40 45 20 30 40 45 20 30 40 45

Ratio—test value/predicted value
Beech 1.42 1.18 0.89 1.12 1.03 1.45 1.15 1.10 1.04 0.95 1.43 0.85 1.09 0.80 1.03 0.87
PVA 1.30 1.05 0.91 1.03 1.34 1.23 1.00 1.10 1.20 1.08 1.20 0.78 1.15 0.80 1.19 0.97

1.07 1.34 0.87 1.12 1.18 1.25 0.98 1.28 1.23 0.95 1.35 0.93 0.98 0.83 1.27 0.87
1.09 1.27 0.88 1.26 1.23 1.33 1.05 0.92 1.07 1.17 1.21 0.97 1.09 0.92 1.17 0.87
1.21 1.17 0.85 1.24 1.09 1.27 1.10 0.97 1.19 1.13 1.49 0.97 1.06 0.94 1.25 1.05

Beech
PU 1.14 1.36 1.36 1.12 1.00 1.24 1.24 1.06 1.00 1.04 0.94 1.04 1.04 0.71 0.91 0.85

1.50 1.20 1.11 1.15 0.94 1.14 1.14 0.92 0.82 0.76 0.77 1.06 0.86 0.95 0.65 1.08
1.42 1.32 1.21 1.06 1.02 0.99 0.99 0.94 0.99 0.76 0.75 1.15 1.02 0.74 0.65 1.08
1.07 1.20 1.32 1.07 0.92 0.93 0.93 0.96 0.81 1.00 0.96 1.05 0.86 0.92 0.67 0.88
1.45 1.30 1.13 0.92 1.02 1.21 1.21 1.10 1.00 0.73 0.83 0.92 1.00 0.83 0.89 0.87

Pine 0.87 0.86 0.85 0.83 0.77 0.86 0.71 0.89 1.15 1.08 0.72 1.03 1.14 1.03 1.12 1.11
PVA 1.19 0.83 1.04 0.78 0.95 0.82 0.99 0.80 1.09 0.90 0.61 0.89 1.06 1.31 1.39 0.94

0.87 0.96 0.85 0.83 1.13 0.89 0.58 0.93 0.89 0.89 0.78 0.89 1.50 1.22 0.96 1.20
0.90 0.75 0.91 0.64 1.24 0.93 0.86 0.80 1.09 0.86 0.83 0.74 1.26 0.94 0.95 1.11
0.96 1.05 1.01 0.83 0.98 1.15 0.71 0.79 1.29 0.86 0.71 0.89 1.54 1.03 1.16 0.93

Pine 1.28 1.04 1.00 0.96 1.17 1.10 0.94 0.88 1.40 1.06 0.85 1.09 1.58 1.24 1.27 1.33
PU 1.52 0.95 0.96 0.87 1.11 1.23 0.91 1.17 1.41 1.20 1.09 0.88 1.48 1.28 1.22 1.45

1.18 1.06 0.95 0.90 1.33 1.12 0.84 1.08 1.40 1.17 0.82 0.92 1.33 0.91 1.19 1.41
1.25 0.71 1.01 0.85 1.49 0.92 0.91 1.11 1.48 1.02 0.97 0.78 1.27 1.10 1.22 1.21
1.11 1.25 0.89 0.84 1.09 0.92 1.10 1.00 1.50 1.37 0.98 0.93 1.33 1.01 1.29 1.30

PVA, polyvinyl acetate; PU, polyurethane.
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28 (35%) of the 80 pine|PVA joints, and over-
estimates the capacity of 27 (33.8%) and under-
estimates the capacity of 53 (66.3%) of the
80 pine|PU joints.

To better visualize the distribution of the indi-
vidual ratios above and below the average,

values of the ratios along with the average are
illustrated in Figs 3-6.

LTLS FOR RATIOS

The tolerance factors, k, for 320 specimens at
the 75|75, 90|75, 75|90, and 90|90 confidence|

Figure 4. Graph showing individual ratios of test/estimated values for Turkish beech specimens with polyurethane
(PU) adhesive.

Figure 3. Graph showing individual ratios of test/estimated values for Turkish beech specimens with polyvinyl acetate
(PVA) adhesive.
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proportion levels were 0.717, 0.756, 1.335, and
1.383, respectively.

At the 75 � 75 confidence–proportion level,
the LTL for the entire collection of trans-
formed data (ie specimen capacity/estimated

capacity) using the k factor for 320 specimens
of 0.717 was

LTL 75j75ð Þ ¼ 1:045� 0:717 � 0:199
¼ 0:902: ð3Þ

Figure 5. Graph showing individual ratios of test/estimated values for pine specimens with a polyvinyl acetate
(PVA) adhesive.

Figure 6. Graph showing individual ratios of test/estimated values for Pine specimens with a polyurethane (PU) adhesive.

7Eckelman et al—LOWER TOLERANCE LIMIT APPROACH



Thus, the LTL for the transformed data at this
confidence–proportion level amounted to 0.902
of the average of the ratios (ie 1.0)—thus, the
corresponding LTL for equation (1) would
amount to 90.2% of the estimated values.

Referring to figs 3-6, it can be seen that at the
75|75 confidence|proportion level, 84 ratios
(26.3%) were less than the LTL of 0.902. The
distribution of these ratios below the LTL was
as follows: 53 (16.6%) had values that were
within the range of 90-100% of the LTL, 20
(6.3%) within the range of 80-90%, 9 (2.8%)
within the range of 70-80%, and 2 (0.56 %)
within the range of 60-70% of LTL.

At the highest confidence|proportion level exam-
ined, ie the 90|90 level, the tolerance factor, k, is
1.383 so that the corresponding LTL is

LTL 90j90ð Þ ¼ 1:045� 1:383 � 0:199
¼ 0:770: ð4Þ

Thus, the LTL for the ratios at this confidence|
proportion level amounted to 0.770 of the aver-
age value, so that the corresponding LTL for
equation (1) would amount to 77.0% of the esti-
mated values.

At this (90|90) confidence|proportion level
(figs 3-6), only 19 (5.9%) specimens had ratios
less than the LTL of 0.770. The distribution
of ratios below the 90|90 LTL was as follows:
13 (4.1%) had values that were within the range
of 90-100% of the LTL, 4 (1.3%) within the
range of 80-90%, and 2 (0.6%) within the range
of 70-80%. Thus, there is a substantial reduc-
tion in the number of ratios below the LTL but
at a substantial reduction of 17.2% in the value
of the LTL (0.770 vs 0.902). This result empha-
sizes the importance of determining what per-
centage of failure—if any—is acceptable along
with what level of confidence is appropriate.

As can be seen in figs 3-6, at the intermediate
90|75 and 75|90 LTL levels that were exam-
ined, the 90|75 LTL amounts to 0.894, which is
only slightly less (0.9%) than the 75|75 LTL of
0.902. The distribution below the 90|75 level

was as follows: 51 (15.9%) were within the
range of 90-100, 18 (5.6%) were within the
range 80-90, 9 (2.8%) were within the range of
70-80, and 2 (.63%) were within the range of
60-70%

Likewise, the 75|90 LTL amounts to 0.779,
which is only slightly greater (1.2%) than the
90|90 LTL of 0.770. The distribution of values
below the 75|90 LTL level was as follows:
16 (5.0%) were within the range of 90-100,
4 (1.3%) were within the range of 80-90,
and 2 (6.3%) were within the range of 70-
80% of the LTL.

Thus, the distribution of ratios below the LTLs
for these confidence|proportion levels is essen-
tially the same as for the 75|75 and 90|90 ratios.

Finally, it should be noted that in considering
the broader application of these techniques, it
should be noted that the material from which
these joints were constructed was presumably
largely defect free, and the specimens were
constructed under closely controlled conditions.
Had the specimens been constructed under less
closely controlled conditions, presumably with
accompanying increases in standard deviation,
the LTLs would have been appropriately lower.

CONCLUSIONS

Use of statistical LTL techniques provides a
means of rationally determining joint capacity
design values as a percentage of the values esti-
mated by nonlinear regression expressions fitted
to the test data. Specifically, LTL values based
on the mean and standard deviation of the ratios
formed by dividing individual test values by
their corresponding estimated values provides
the information needed to calculate the percent-
age of specimens that might be expected to
have less capacity than specified percentages of
the estimated values along with specified
degrees of confidence in those calculations.

The results of this study alone do not provide
definitive answers to the question of what are
appropriate confidence–proportion levels to be
used in deriving joint capacity design values
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from nonlinear regression expressions fitted to
results of test data. Determination of widely
applicable rational design values for mortise
and tenon joints based on statistical LTLs will
require extensive sampling of data related to the
capacity of joints constructed under a variety of
quality control scenarios, particularly under
“normal” manufacturing conditions as well as
laboratory conditions.
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