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ABSTRACT
A large and wide variety of ridge parameter estimators proposed for
linear regression models exist in the literature. Actually proposing
new ridge parameter estimator lately proving its efficiency on few
cases seems endless. However, so far there is no ridge parameter
estimator that can serve best for any sample size or any degree of
collinearity among regressors. In this study we propose a new robust
ridge parameter estimator that serves best for any case assuring that
is free of sample size, number of regressors anddegreeof collinearity.
This is in fact realized by choosing three best from enormous num-
ber of ridge parameter estimators performing well in different cases
in developing the new ridge parameter estimator in a way of search
method providing the smallest mean square error values of regres-
sion parameters. After that a simulation study is conducted to show
that the proposed parameter is robust. In conclusion, it is found that
this ridge parameter estimator is promising in any case. Moreover, a
recent data set is used as an example for illustration to show that the
proposed ridge parameter estimator is performing better.
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1. Introduction

When multicollinearity exists in a linear regression model, using t test statistics for testing
the coefficients of the independent variables becomes a serious problem [5]. One of the
methods that can be used to troubleshoot multicollinearity is the Ridge Regression (RR)
method developed by Hoerl and Kennard in the 1970s. It is mainly used to reduce the
degree of collinearity by adding a positive and fairly small value (k) to the diagonal elements
of the covariance matrix. The essential problem we face is how small or what size value is
optimum to overcomemulticollinearity. The objective inRR is to select the ridge parameter
(k), which makes the Mean Square Error (MSE) minimum. When an optimal k is selected
in RR, MSE will be minimum together with the variance. From past to present, there have
been many studies conducted to suggest methods on the selection of k. These suggestions
most of which are listed below are not fairly effective methods to determine the best k in
all cases.
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Hoerl, and Kennard [8] suggested in their extended study that a separate k value could
be selected for each regression. However, they also stated that there is no guarantee that
this will give better results than the k trace in any case. Hoerl, and Kennard [9] stated that
there is no single value of k that is the ridge parameter estimator and that the results would
be better than OLS if the optimal k could be determined. They suggested the ridge trace
for the selection of k. Marquardt and Snee [18] stated that when the independent variables
are highly correlated, RR produces coefficients better than OLS. Hoerl et al. [10] suggested
an algorithm for selecting the parameter k with superior features than OLS. McDonald,
and Galarneau [20] proposed two analytic methods of determining k parameter and eval-
uated their performances in terms ofMSE values byMonte Carlo simulations. Lawless, and
Wang [14] made a simulation study of ridge and other regression estimators. Golub et al.
[7] proposed to select the k that minimizes the cross-validation statistics. Andersson [3]
stated that the chosen values of k will be one where the mean square error is less than for
the OLS. Kibria [13] proposed a few new ridge parameter estimators based on a general-
ized ridge regression approach. Alkhamisi et al. [2] and Khalaf, and Shukur [12] proposed
two new ridge parameter estimators based on the median and largest eigenvalue in the
linear regression (Equations (5) and (6)). Sakallıoğlu and Kaçıranlar [22] presented a new
approach in determining the k parameter by augmenting a new equation to the classical
linear regression model. Muniz and Kibria [21] proposed a new ridge parameter estimator
based on the orthogonal eigenvectors matrix in linear regression (Equation (4)). Mans-
son et al. [16] conducted a simulation study to compare the performance of some ridge
estimators based on both MSE values and Prediction Sum of Square (PRESS) values. A
new method for estimating ridge parameter is proposed by Al-Hassan [1] and a simula-
tion study has been made to evaluate the performance of the proposed estimator based on
MSE values. Dorugade [4] proposed a new ridge parameter estimator in Ordinary Ridge
Regression and also in Generalized Ridge Regression. Khalaf and Iguernane [11] proposed
a new estimator of ridge parameter and evaluated by simulation techniques in term ofMSE
value. Göktaş and Sevinç [7] proposed two new k parameters and conductedmultiple sim-
ulation studies. Lukman and Olatunji [15] proposed a new ridge parameter estimator, a
function of the standard error of regression resulting with an independent estimation of
the regression coefficients in Ordinary Ridge Regression. Göktaş and Sevinç [6] compared
the effectiveness of 37 different k ridge parameter estimators presentedmostly in the above
studies in addition to the estimators they proposed through a simulation study designed
according to different sample sizes, different correlation coefficients and different numbers
of variables.

A regression model with the smallest MSE value in all circumstances cannot be pre-
dicted using the ridge parameter estimators proposed in the literature. In our study, a new
ridge parameter estimator is developed which gives the smallest MSE in each case regard-
less of the sample size, the number of variables or the correlation coefficient. Through
a simulation study designed under different scenarios, the effectiveness of the proposed
ridge parameter estimator was investigated. Unlike other studies, while proposing a new
robust ridge parameter estimator, in the first stage, search method using the priori infor-
mation obtained as a result of search to reach a new robust estimator was used. Three best k
parameters determined in the simulation study by Golub et al. [6] weremainly used. These
parameters, expressed as k1, k2, k3, are given in Equations (4)–(6) respectively.
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Let the linear regression model used in the calculation of these parameters be defined
as follows;

Y = Xβ + ε (1)

where Y in the Equation (1) represents the (n × 1) dimensional dependent variable vector.
X represents the (n × p) dimensional explanatory variables vector,β represents the (p × 1)
dimensional unknown regression coefficients, ε denotes (n × 1) dimensional zero mean
and constant σ 2 variance error term. The OLS estimator of β is given as follows:

β̂ = (X′X)−1X′Y (2)

The OLS estimation of α parameters vector that are used in the calculation of ridge
parameter estimators presented from Equations (4) to (7) can be written in the following
form,

α̂ = T′β̂ (3)

where the matrix T is the orthogonal eigenvectors obtained from the covariance matrix
of X′X.

k1 =
[ p∏
i=1

(
α̂i,ols

σ̂ols

)] 1
p

; i = 1, 2, . . . , p (4)

k1 parameter in Equation (4) was proposed by Muniz and Kibria [21], where p represents
the number of explanatory variables, α̂i represents the ith function of OLS parameter esti-
mator of the corresponding variable and σ̂ols represents the square root of the MSE of the
model. The next ridge parameter estimator given in the following form in Equation (5) was
proposed by Alkhamisi et al. [2] and Khalaf and Shukur [12],

k2 =
[

λmaxσ̂
2
ols

(n − p)σ̂ 2
ols + λmax∝̂2

i

]
max

; i = 1, 2, . . . , p (5)

whereλmax represents the largest eigenvalue ofX′Xmatrix,n represents the sample size and
∝̂i represents the ith value of the vector α̂. The next ridge parameter estimator presented
in Equation (6) was also proposed by Alkhamisi et al. [2] and Khalaf and Shukur [12]
considering the median for p different number of α̂i parameters;

k3 =
[

λiσ̂
2
ols

(n − p)σ̂ 2
ols + λi∝̂2

i

]
Median

; i = 1, 2, . . . , p (6)

where λi is the ith eigenvalue of the X′X matrix.
Göktaş and Sevinç [7] determined that the above-given three ridge parameter estimators

out of numerous number of ridge parameter estimators produced the smallest MSE value
in different cases by separately evaluating 30, 50, 80, 100, 250, 500 sample sizes; 0.3, 0.5, 0.9
correlation coefficients; and 3 and 5 number of variables. For instance, with n = 500, ρ =
0.9 and p = 3 constraints, the k1 parameter; with n = 250, ρ = 0.5 and p = 7 constraints,
k2 parameter; and with n = 100, ρ = 0.3 and p = 7 constraints, the k3 parameter yield the
minimumMSE and so on.
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2. Methodology

In the case of multicollinearity in a linear regression, the standard errors of the regression
coefficients of the significant explanatory variables increase and the t-test of the coefficients
turns out to be insignificant. As a result, regression coefficients may partially emerge as dif-
ferent from what is expected while working with data having multicollinearity. Meanwhile
the standardized regression coefficients calculated lose their stability.

One of the methods used to eliminate multicollinearity is the RR method. This method
was first proposed in 1970 by Hoerl and Kennard in one of their first studies presenting a
detailed discussion of the unbiased estimation problem in amultiple regression complying
with the full-rank general hypothesis model.

The studies Hoerl and Kennard [8] and [9] suggested to use ridge trace graph to show
the inconsistency in the estimated coefficients in the case ofmulticollinearity to the highest
degree, to obtain coefficients having smaller variance compared to OLS estimates.

Since RR is a biased method eliminating the multicollinearity, a small k value called
ridge parameter estimator is added to the diagonal elements of the X′X matrix resulting
with parameter estimation of the regression model is as follows:

β̂RR = (X′X + kI)−1X′Y (7)

The purpose of adding the k value in Equation (7) is to significantly reduce the inflated vari-
ances of the estimators due to the multicollinearity. If k = 0, then the results coincide with
OLS estimations. In this regard, the ridge estimation can be called a linear transformation
of OLS [19,22].

2.1. The relationship of ridge estimationwith OLS

In OLS, β̂ estimation is defined as follows.

β̂ = (X′X)−1X′Y (8)

Here; it is possible to rewrite the Equation (8) as follows.

X′Xβ̂ = X′Y (9)

The ridge estimation can be expressed as,

β̂∗ = (X′X + kI)−1X′Y (10)

From Equation (9) when the X′Y term is substituted in Equation (10), the following result
is obtained.

β̂∗ = (X′X + kI)−1X′Xβ̂ (11)

As the inverse of (X′X)−1 matrix is equal to X′X itself, Equation (11) can be rewritten as
follows;

β̂∗ = (X′X + kI)−1[(X′X)−1]−1β̂ (12)

As neither matrix is singular, Equation (12) can be written as;

β̂∗ = [(X′X)−1(X′X + kI)]−1β̂ (13)
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From here,

β̂∗ = [(X′X)−1X′X + k(X′X)−1]−1β̂ (14)

is obtained. After the operations are conducted,

β̂∗ = [I + k(X′X)
−1]−1β̂ (15)

is obtained. If a new expression Z is defined as

Z = [I + k(X′X)
−1]−1 (16)

then, Equation (15) can be rewritten in the following format depending on Z.

β̂∗ = Zβ̂ (17)

The relationship in Equation (17) demonstrates that ridge estimation is a transformation
of OLS estimation having weight Z [17].

2.2. Mean square error of the parameters in ridge regression

Since MSE for ridge estimation is a measure of the quadratic distance (L2ı (k)) between β̂∗
and β as follows,

L2ı (k) = (β̂∗ − β)′(β̂∗ − β) (18)

the expected value of L2ı (k) can be used as the MSE approximation as follows.

E[L2ı (k)] = σ 2
P∑
j=1

λj

(λj + k)2
+ k2β ′[tr(X′X + kI)]−2β (19)

When k = 0, ridge estimation becomes identical toOLS and the expectedMSE in Equation
(19) reduces to the following.

E[L2ı (0)] = σ 2
p∑

j=1
λ−1
j (20)

On the basis of these solutions, the following result is obtained.

E[L2ı (k)] < E[L2ı (0)] (21)

Hoerl and Kennard [8] stated that it is always possible to find a value of k where the above
Equation (21) holds. Therefore, in the case of multicollinearity, ridge estimation always
yields a smaller MSE value than the OLS estimation. Another form of that value can be
estimated where the second term of Equation (19) is simplified as follows [13].

MSE(β̂) = σ̂ 2
P∑
j=1

λj

(λj + k̂)
2 + k̂2

P∑
j=1

α2
i

(λj + k̂)
2 (22)
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3. The proposedmethod

In this study, a new robust ridge parameter estimator that provides the smallest MSE for
regression parameters in any condition has been proposed. To achieve this, the study by
Göktaş and Sevinç [6], which investigated 37 different ridge parameter estimators pro-
posed in the literature, is examined. Three different ridge parameter estimators that were
determined to be best in different cases and were given with Equations (4)–(6) are taken
into consideration. The values obtained from these three different parameters were deter-
mined to be between 0 and 6. Therefore, the new ridge parameter estimator, developed
to be robust, was allowed to be between 0 and 10. In fact, there is a single ridge parame-
ter estimator that gives the smallest MSE value for the parameters. This ridge parameter
estimator can be obtained by searching all values from 0 with 0.001 increments until it
reaches 10. The MSE value for the regression parameters is calculated at each searching
value. The k value that gives the smallest MSE value as a result of the search is considered
the best (See Table 1). The multicollinearity data used in the study were obtained by sim-
ulation. For the ridge parameter estimator, which gives the smallest MSE value, the ridge
parameter estimator search method was performed with the data produced 15 times from
each combination with 12 different sample sizes, 9 different collinearity levels, and 3 differ-
ent explanatory variables. For a total of 4860 different data sets, ridge parameter estimator
searchmethod was performed. The best ridge parameters obtained as a result of the search
were determined according to the MSE values in Table 1. The three different ridge param-
eter estimator values, which are considered the best in the study of Göktaş and Sevinç [6]
were calculated for the same data sets. Some of the results are given in Table 2.

In the second phase of our study, taking the robust ridge parameter estimator values
as the dependent variable, we investigated whether there is a linear relationship among
k1, k2, k3 parameter estimators, sample size and degree of collinearity. During the data

Table 1. A part of MSE results obtained from different k parameters in the first stage of search.

MSE obtained
from ksearch

MSE obtained
from k1

MSE obtained
from k2

MSE obtained
from k3 n ρ p MSEMin

1.58885 1.78617 1.62856 1.70099 20 0.1 7 1.58885
0.83587 0.93335 0.85314 0.91272 30 0.5 5 0.83587
0.83173 0.87046 0.83777 0.85531 20 0.1 5 0.83173
0.78336 0.94679 0.84725 0.95447 30 0.8 5 0.78336
0.77551 0.82583 0.79413 0.82472 30 0.6 5 0.77551
0.77003 0.86659 0.77479 0.83512 30 0.7 5 0.77003
0.74640 0.78267 0.84752 0.78594 20 0.3 5 0.74640
0.72584 0.77332 0.89200 0.78537 30 0.2 5 0.72584
0.63921 0.66205 0.66385 0.65543 20 0.2 7 0.63921
0.63164 0.75114 0.66670 0.76513 30 0.8 5 0.63164
0.62888 0.81631 0.72672 0.80739 50 0.8 5 0.62888
0.60528 0.66526 0.64829 0.66550 20 0.3 5 0.60528
0.60526 1.52120 0.77422 1.38637 50 0.9 5 0.60526
0.60474 0.80413 0.98415 0.68937 20 0.2 5 0.60474
0.60136 0.60164 0.64462 0.60338 20 0.6 5 0.60136
0.59712 0.67272 0.78915 0.67583 20 0.3 5 0.59712
0.59648 0.77079 0.59781 0.77192 20 0.8 5 0.59648
0.59412 0.80572 0.97339 0.74613 20 0.2 5 0.59412
0.59167 0.61972 0.67816 0.60847 20 0.5 5 0.59167
0.58908 0.63477 0.59030 0.58925 20 0.1 7 0.58908
0.57841 0.88521 0.93643 0.78455 20 0.2 7 0.57841
0.55804 0.62042 0.59728 0.60372 30 0.5 5 0.55804
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Table 2. Part of simulation results used to obtain the k value.

ksearch k1 k2 k3 n ρ p

3.185 0.57811 5.12608 1.04781 20 0.1 7
4.373 0.63783 4.46262 0.49421 20 0.7 5
1.223 1.64366 2.87248 1.07251 20 0.1 5
3.679 0.99958 2.71986 1.52776 20 0.5 5
5.718 0.87451 3.21015 1.24678 30 0.5 5
3.186 0.73315 2.13891 1.21666 20 0.1 5
1.271 1.27004 3.00570 1.34433 20 0.3 5
0.530 0.98321 2.51109 0.79434 20 0.5 5
0.827 1.28944 2.03219 1.11020 20 0.3 7
3.969 0.91686 3.16477 1.36405 30 0.7 5
3.249 0.79279 2.07189 1.24338 20 0.7 5
1.918 0.76926 3.05607 1.02267 20 0.6 5
0.863 1.09421 1.86871 1.52918 20 0.2 5
0.962 1.67479 1.70558 1.55231 20 0.2 5
4.283 0.97878 2.09682 0.87024 30 0.8 5
6.290 0.76191 6.03092 1.01802 20 0.6 5
0.001 1.90329 1.97443 1.27600 20 0.3 5
2.589 1.12567 3.89738 1.29138 20 0.4 5
0.266 1.02545 1.76363 0.83427 20 0.5 5
1.333 2.37265 1.48746 1.27654 20 0.1 7
4.355 1.28039 1.09299 1.72801 20 0.2 7
4.731 0.85571 1.53241 1.32141 30 0.5 5

reproduction process of the exploratory variables withmulticollinearity, Equation (23) was
utilized,

Xij = Zij
√

(1 − ρ2) + ρZip; i = 1, 2, . . . , n; j = 1, 2, . . . , p (23)

where, ρ represents the degree of correlation; Zij represents the i. observation value of j.
variable derived from the standard normal distribution; and Zip represents the i. observa-
tion value i. of p. variable derived from the standard normal distribution. Error term being
a variable derived from the standard normal distribution, the dependent variable is derived
as follows;

Yi = β0 + β1Xi1 + β2Xi2 + · · · + βpXip + εi (24)

In the data derivation process, the following combinations were taken into consideration
for the design of the simulation, where p represents variable numbers, ρ represents the
correlation coefficient and n represents the sample size.

p = 3, 5, 7
ρ = 0.1, 0.2, 0.3, 0.4 0.5, 0.6, 0.7, 0.8, 0.9
n = 20, 30, 50, 60, 80, 100, 120, 150, 180, 200, 250, 500

In our study, in the process of producing the dependent variable, for simplicity all of the
regression parameters were taken as ‘1’. This is because changing the fixed coefficients will
have no considerable effect on the order of MSE values from different ridge parameters.
When the regression model for the derived data is estimated with any ridge parameter, the
MSE value related to the parameter is calculated as follows, where r represents the number
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of repeated simulations.

MSE
β̂ridge

=
r∑

i=1

p∑
j=0

(1 − β̂i,jridge)
2/[r(p + 1)] (25)

Three different k parameters for each derived data set and a part of the MSE results for
the k parameter obtained as a result of the search are given in Table 1. Since the table was
originally composed of 4860 lines, only part of it was shared.

As can be seen from Table 1, in the first stage, a robust parameter discovery study was
performed until ksearch gave the smallest MSE value and a new k value was obtained for
each repetition or data reproduction type. Part of the simulation results used to obtain the
k value is given in Table 2.

Based on the assumption that the ksearch value acquired as a result of search method
can be a linear function of k1, k2, k3, n, ρ and p variables, by considering ksearch to be
the dependent variable and k1, k2, k3, n, ρ and p to be the explanatory variables, the lin-
ear regression model was established. In the resulting regression model, a new model was
obtained by subtracting the p explanatory variable from the linear regression model since
it was not found to be significant. On the basis of the estimated model, it is thought that
k̂search = krobust . krobust ridge parameter estimator value is given in Equation (26).

krobust = 0.6149k1 − 0.1589k2 + 0.093k3 + 0.00203n + 1.013ρ + 0.7484p (26)

After the krobust ridge parameter estimator is suggested, significance of the model and vari-
ables needs to be tested. The hypothesis established to test the significance of the multiple
linear regression model and the results of ANOVA are given in the table below.

H0 : β1 = β2 = β3 = β4 = β5 = β6 = 0

H1: At least one of the explanatory variables makes a significant contribution to the model.
As can be understood from the ANOVA table presented in Table 3, as pvalue = 0.000 <

0.05 for the regression model established, H0 hypothesis is rejected and it can be said
that the estimated model is significant. When pvalues for individual variables or individ-
ual coefficients are examined, it is seen that as each probability value is lower than 0.05,
they seem to be significant. As both the estimated model and the estimated coefficients of
the explanatory variables are statistically significant, it can be argued that k1, k2, k3, n, ρ
and p have significant effects on the proposed krobust parameter. In order to evaluate the
performance of the proposed krobust ridge parameter estimator, the design of the simula-
tion is reestablished with p = 3, 5, 7 variable numbers, ρ = 0.1, . . . , 0.9 coefficients and
n = 20, 30, 50, 60, 80, 100, 120, 150, 180, 200, 250, 500 sample sizes. In the current study,
10,000 is determined as the number of repetitions. By taking the mean of the 10,000 MSE
values calculated for each case,meanMSEvaluewas obtained for each ridge parameter esti-
mator. The purpose of the second stage of the study is to test whether the proposed krobust
parameter estimator can yield smaller MSE value compared to k1, k2, k3 parameters. In the
second stage simulation study, theMSE results obtained for the ridge parameter estimators
are given in Tables 4–17.

When the results obtained from the second stage of the study were examined, it was
determined that the krobust parameter estimator that we proposed gives a smaller MSE
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Table 3. ANOVA results.

Source Coef. df Adj SS Adj MS F-value p-value

Regression 6 162578 27096.4 2163.42 0.000
k1 0.614900 1 1517.6 1517.6 121.17 0.000
k2 −0.158900 1 68.82 68.82 5.505 0.019
k3 0.093000 1 50.26 50.26 4.021 0.045
n 0.002026 1 287.2 287.2 22.93 0.000
ρ 1.013000 1 246.2 246.2 19.66 0.000
p 0.748400 1 4496.3 4496.3 358.99 0.000
Error 4854 60675 12.5
Total 4860 229919.38

Table 4. MSE results obtained from p = 3, ρ = 0.1 and ρ = 0.2, different sample sizes and different
ridge parameter estimators.

p = 3 p = 3
ρ = 0.1 ρ = 0.2

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.2247 0.2339 0.2222 0.2150 0.2150 0.2216 0.2279 0.2162 0.2081 0.2081
n = 30 0.1443 0.1487 0.1430 0.1289 0.1289 0.1419 0.1455 0.1398 0.1262 0.1262
n = 50 0.0821 0.0837 0.0818 0.0727 0.0727 0.0815 0.0829 0.0807 0.0723 0.0723
n = 60 0.0674 0.0685 0.0672 0.0599 0.0599 0.0677 0.0687 0.0671 0.0606 0.0606
n = 80 0.0504 0.0510 0.0503 0.0457 0.0457 0.0502 0.0508 0.0500 0.0459 0.0459
n = 100 0.0397 0.0401 0.0396 0.0364 0.0364 0.0400 0.0404 0.0398 0.0370 0.0370
n = 120 0.0328 0.0331 0.0328 0.0304 0.0304 0.0327 0.0329 0.0326 0.0305 0.0305
n = 150 0.0263 0.0265 0.0263 0.0247 0.0247 0.0261 0.0262 0.0260 0.0246 0.0246
n = 180 0.0218 0.0219 0.0218 0.0207 0.0207 0.0213 0.0215 0.0213 0.0203 0.0203
n = 200 0.0196 0.0197 0.0196 0.0187 0.0187 0.0197 0.0198 0.0197 0.0188 0.0188
n = 250 0.0154 0.0154 0.0153 0.0148 0.0148 0.0155 0.0156 0.0155 0.0149 0.0149
n = 500 0.0078 0.0078 0.0078 0.0077 0.0077 0.0078 0.0079 0.0078 0.0077 0.0077

Table 5. MSE results obtained from p = 3, ρ = 0.3 and ρ = 0.4, different sample sizes and different
ridge parameter estimators.

p = 3 p = 3
ρ = 0.3 ρ = 0.4

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.2590 0.2297 0.2186 0.2100 0.2100 0.2313 0.2307 0.2219 0.2098 0.2098
n = 30 0.1449 0.1478 0.1419 0.1276 0.1276 0.1525 0.1544 0.1485 0.1328 0.1328
n = 50 0.0822 0.0835 0.0812 0.0730 0.0730 0.0871 0.0882 0.0857 0.0767 0.0767
n = 60 0.0696 0.0705 0.0688 0.0623 0.0623 0.0722 0.0731 0.0713 0.0645 0.0645
n = 80 0.0515 0.0520 0.0510 0.0468 0.0468 0.0530 0.0535 0.0525 0.0483 0.0483
n = 100 0.1513 0.1408 0.1440 0.0982 0.0982 0.0429 0.0432 0.0426 0.0396 0.0396
n = 120 0.0342 0.0344 0.0340 0.0319 0.0319 0.0356 0.0358 0.0354 0.0333 0.0333
n = 150 0.0266 0.0266 0.0265 0.0251 0.0251 0.0285 0.0286 0.0283 0.0269 0.0269
n = 180 0.0223 0.0224 0.0223 0.0213 0.0213 0.0235 0.0236 0.0234 0.0224 0.0224
n = 200 0.0197 0.0198 0.0197 0.0188 0.0188 0.0213 0.0214 0.0213 0.0204 0.0204
n = 250 0.0161 0.0162 0.0161 0.0155 0.0155 0.0168 0.0169 0.0168 0.0162 0.0162
n = 500 0.0080 0.0080 0.0080 0.0079 0.0079 0.0083 0.0084 0.0083 0.0082 0.0082

value than the other parameter estimators in almost every case except for 16 cases out of
324 different cases. Thus, it can be argued that krobust parameter estimator is successful in
approximately 95%of 324 different cases.When the cases inwhich krobust does not yield the
smallest MSE are examined, it is understood that there are very small differences between
the MSE values given by the parameters (especially from p = 5 and ρ = 0.5 onwards at
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Table 6. MSE results obtained from p = 3, ρ = 0.5 and ρ = 0.6, different sample sizes and different
ridge parameter estimators.

p = 3 p = 3
ρ = 0.5 ρ = 0.6

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.2517 0.2429 0.2386 0.2253 0.2253 0.2760 0.2561 0.2590 0.2392 0.2392
n = 30 0.1625 0.1623 0.1573 0.1392 0.1392 0.1815 0.1772 0.1746 0.1519 0.1519
n = 50 0.0940 0.0949 0.0923 0.0819 0.0819 0.1063 0.1064 0.1038 0.0905 0.0905
n = 60 0.0791 0.0798 0.0779 0.0700 0.0700 0.0893 0.0896 0.0875 0.0770 0.0770
n = 80 0.0584 0.0589 0.0577 0.0528 0.0528 0.0658 0.0662 0.0649 0.0588 0.0588
n = 100 0.0468 0.0472 0.0464 0.0431 0.0431 0.0528 0.0530 0.0521 0.0478 0.0478
n = 120 0.0385 0.0388 0.0383 0.0359 0.0359 0.0436 0.0438 0.0432 0.0402 0.0402
n = 150 0.0309 0.0311 0.0307 0.0291 0.0291 0.0351 0.0352 0.0348 0.0328 0.0328
n = 180 0.0256 0.0258 0.0255 0.0244 0.0244 0.0290 0.0291 0.0288 0.0274 0.0274
n = 200 0.0231 0.0232 0.0230 0.0221 0.0221 0.0264 0.0265 0.0263 0.0251 0.0251
n = 250 0.0185 0.0185 0.0184 0.0178 0.0178 0.0210 0.0210 0.0209 0.0201 0.0201
n = 500 0.0091 0.0091 0.0091 0.0089 0.0089 0.0106 0.0106 0.0105 0.0103 0.0103

Table 7. MSE results obtained from p = 3, ρ = 0.7 and ρ = 0.8, different sample sizes and different
ridge parameter estimators.

p = 3 p = 3
ρ = 0.7 ρ = 0.8

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.3190 0.2723 0.2913 0.2584 0.2584 0.4010 0.2925 0.3478 0.2779 0.2779
n = 30 0.2115 0.1974 0.2000 0.1658 0.1658 0.2765 0.2305 0.2523 0.1890 0.1890
n = 50 0.1279 0.1258 0.1239 0.1040 0.1040 0.1694 0.1588 0.1612 0.1233 0.1233
n = 60 0.1062 0.1054 0.1035 0.0883 0.0883 0.1425 0.1367 0.1369 0.1072 0.1072
n = 80 0.0805 0.0805 0.0791 0.0694 0.0694 0.1085 0.1063 0.1053 0.0858 0.0858
n = 100 0.0634 0.0636 0.0625 0.0562 0.0562 0.0871 0.0862 0.0852 0.0720 0.0720
n = 120 0.0531 0.0533 0.0524 0.0476 0.0476 0.0729 0.0725 0.0715 0.0614 0.0614
n = 150 0.0424 0.0425 0.0420 0.0388 0.0388 0.0585 0.0584 0.0576 0.0510 0.0510
n = 180 0.0359 0.0361 0.0357 0.0334 0.0334 0.0484 0.0484 0.0478 0.0429 0.0429
n = 200 0.0321 0.0322 0.0318 0.0299 0.0299 0.0432 0.0433 0.0427 0.0388 0.0388
n = 250 0.0254 0.0254 0.0252 0.0240 0.0240 0.0354 0.0354 0.0350 0.0322 0.0322
n = 500 0.0128 0.0128 0.0128 0.0125 0.0125 0.0177 0.0177 0.0176 0.0168 0.0168

Table 8. MSE results obtained fromp = 3, ρ = 0.9 and p = 5, ρ = 0.1, different sample sizes and dif-
ferent ridge parameter estimators.

p = 3 p = 5
ρ = 0.9 ρ = 0.1

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.5500 0.3083 0.4329 0.2860 0.2860 0.3873 0.3988 0.3815 0.3728 0.3728
n = 30 0.4244 0.2582 0.3489 0.1986 0.1986 0.2359 0.2406 0.2336 0.2156 0.2156
n = 50 0.2795 0.2147 0.2494 0.1448 0.1448 0.1317 0.1336 0.1310 0.1201 0.1201
n = 60 0.2387 0.1954 0.2178 0.1303 0.1303 0.1062 0.1075 0.1057 0.0977 0.0977
n = 80 0.1894 0.1669 0.1766 0.1109 0.1109 0.0787 0.0794 0.0786 0.0735 0.0735
n = 100 0.1527 0.1411 0.1449 0.0976 0.0976 0.0613 0.0618 0.0612 0.0577 0.0577
n = 120 0.1295 0.1228 0.1241 0.0880 0.0880 0.0512 0.0514 0.0511 0.0486 0.0486
n = 150 0.1052 0.1019 0.1018 0.0754 0.0754 0.0407 0.0409 0.0406 0.0390 0.0390
n = 180 0.0879 0.0860 0.0855 0.0657 0.0657 0.0337 0.0339 0.0337 0.0325 0.0325
n = 200 0.0797 0.0784 0.0777 0.0612 0.0612 0.0304 0.0305 0.0304 0.0295 0.0295
n = 250 0.0643 0.0637 0.0630 0.0512 0.0512 0.0243 0.0244 0.0243 0.0237 0.0237
n = 500 0.0336 0.0336 0.0333 0.0294 0.0294 0.0120 0.0120 0.0120 0.0120 0.0120
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Table 9. MSE results obtained from p = 5, ρ = 0.2 and ρ = 0.3, different sample sizes and different
ridge parameter estimators.

p = 5 p = 5
ρ = 0.2 ρ = 0.3

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.3903 0.3932 0.3815 0.3723 0.3723 0.3961 0.3888 0.3836 0.3742 0.3742
n = 30 0.2393 0.2422 0.2356 0.2172 0.2172 0.2452 0.2461 0.2402 0.2212 0.2212
n = 50 0.1304 0.1319 0.1292 0.1196 0.1196 0.1385 0.1396 0.1369 0.1270 0.1270
n = 60 0.1075 0.1086 0.1066 0.0992 0.0992 0.1121 0.1130 0.1110 0.1036 0.1036
n = 80 0.0795 0.0801 0.0791 0.0746 0.0746 0.0835 0.0840 0.0829 0.0785 0.0785
n = 100 0.0639 0.0643 0.0636 0.0605 0.0605 0.0655 0.0659 0.0651 0.0622 0.0622
n = 120 0.0522 0.0525 0.0520 0.0498 0.0498 0.0542 0.0544 0.0539 0.0518 0.0518
n = 150 0.0414 0.0416 0.0413 0.0398 0.0398 0.0434 0.0435 0.0432 0.0418 0.0418
n = 180 0.0342 0.0343 0.0341 0.0330 0.0330 0.0357 0.0358 0.0356 0.0346 0.0346
n = 200 0.0309 0.0311 0.0309 0.0299 0.0299 0.0324 0.0325 0.0323 0.0314 0.0314
n = 250 0.0247 0.0247 0.0246 0.0240 0.0240 0.0254 0.0254 0.0253 0.0247 0.0247
n = 500 0.0120 0.0120 0.0120 0.0118 0.0118 0.0125 0.0125 0.0125 0.0124 0.0124

Table 10. MSE results obtained from p = 5, ρ = 0.4 and ρ = 0.5, different sample sizes and different
ridge parameter estimators.

p = 5 p = 5
ρ = 0.4 ρ = 0.5

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.4193 0.3971 0.4041 0.3917 0.3917 0.4505 0.4076 0.4324 0.4098 0.4076
n = 30 0.2620 0.2585 0.2557 0.2335 0.2335 0.2875 0.2766 0.2799 0.2534 0.2534
n = 50 0.1476 0.1480 0.1456 0.1343 0.1343 0.1645 0.1636 0.1619 0.1478 0.1478
n = 60 0.1212 0.1218 0.1199 0.1116 0.1116 0.1365 0.1363 0.1346 0.1238 0.1238
n = 80 0.0904 0.0909 0.0896 0.0847 0.0847 0.0990 0.0992 0.0979 0.0917 0.0917
n = 100 0.0702 0.0705 0.0697 0.0664 0.0664 0.0789 0.0791 0.0783 0.0743 0.0743
n = 120 0.0589 0.0592 0.0586 0.0563 0.0563 0.0649 0.0651 0.0645 0.0617 0.0617
n = 150 0.0466 0.0468 0.0464 0.0449 0.0449 0.0520 0.0522 0.0517 0.0498 0.0498
n = 180 0.0391 0.0392 0.0389 0.0378 0.0378 0.0432 0.0433 0.0430 0.0416 0.0416
n = 200 0.0346 0.0347 0.0344 0.0336 0.0336 0.0388 0.0389 0.0386 0.0375 0.0375
n = 250 0.0276 0.0276 0.0275 0.0269 0.0269 0.0308 0.0309 0.0307 0.0300 0.0300
n = 500 0.0138 0.0138 0.0138 0.0136 0.0136 0.0152 0.0152 0.0152 0.0150 0.0150

Table 11. MSE results obtained fromp = 5, ρ = 0.6 and ρ = 0.7, different sample sizes and different
ridge parameter estimators.

p = 5 p = 5
ρ = 0.6 ρ = 0.7

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.5120 0.4296 0.4867 0.4469 0.4296 0.5861 0.4385 0.5496 0.4757 0.4385
n = 30 0.3297 0.3034 0.3191 0.2803 0.2803 0.3945 0.3324 0.3757 0.3110 0.3110
n = 50 0.1890 0.1849 0.1852 0.1657 0.1657 0.2333 0.2206 0.2275 0.1951 0.1951
n = 60 0.1565 0.1547 0.1540 0.1397 0.1397 0.1934 0.1864 0.1894 0.1654 0.1654
n = 80 0.1167 0.1161 0.1153 0.1061 0.1061 0.1441 0.1413 0.1418 0.1267 0.1267
n = 100 0.0925 0.0924 0.0916 0.0856 0.0856 0.1140 0.1128 0.1125 0.1027 0.1027
n = 120 0.0753 0.0754 0.0747 0.0707 0.0707 0.0950 0.0944 0.0939 0.0864 0.0864
n = 150 0.0603 0.0604 0.0599 0.0571 0.0571 0.0755 0.0753 0.0749 0.0702 0.0702
n = 180 0.0504 0.0504 0.0501 0.0481 0.0481 0.0626 0.0625 0.0622 0.0588 0.0588
n = 200 0.0457 0.0457 0.0454 0.0438 0.0438 0.0572 0.0571 0.0568 0.0541 0.0541
n = 250 0.0361 0.0361 0.0359 0.0348 0.0348 0.0458 0.0458 0.0455 0.0436 0.0436
n = 500 0.0179 0.0179 0.0179 0.0175 0.0175 0.0225 0.0225 0.0224 0.0219 0.0219
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Table 12. MSE results obtained from p = 5, ρ = 0.8 and ρ = 0.9, different sample sizes and different
ridge parameter estimators.

p = 5 p = 5
ρ = 0.8 ρ = 0.9

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.7185 0.4432 0.6565 0.4925 0.4432 0.9578 0.4379 0.8395 0.4881 0.4379
n = 30 0.5068 0.3627 0.4737 0.3457 0.3457 0.7654 0.3723 0.6752 0.3559 0.3559
n = 50 0.3160 0.2703 0.3030 0.2332 0.2332 0.5204 0.3272 0.4765 0.2684 0.2684
n = 60 0.2629 0.2351 0.2541 0.2004 0.2004 0.4468 0.3095 0.4150 0.2461 0.2461
n = 80 0.1980 0.1865 0.1933 0.1602 0.1602 0.3535 0.2752 0.3344 0.2135 0.2135
n = 100 0.1616 0.1556 0.1585 0.1352 0.1352 0.2901 0.2429 0.2775 0.1881 0.1881
n = 120 0.1339 0.1303 0.1317 0.1145 0.1145 0.2434 0.2133 0.2347 0.1668 0.1668
n = 150 0.1082 0.1064 0.1067 0.0948 0.0948 0.2008 0.1834 0.1952 0.1454 0.1454
n = 180 0.0890 0.0881 0.0880 0.0803 0.0803 0.1671 0.1567 0.1632 0.1263 0.1263
n = 200 0.0816 0.0809 0.0808 0.0738 0.0738 0.1517 0.1441 0.1487 0.1177 0.1177
n = 250 0.0648 0.0645 0.0643 0.0595 0.0595 0.1248 0.1204 0.1227 0.1001 0.1001
n = 500 0.0322 0.0322 0.0321 0.0309 0.0309 0.0631 0.0625 0.0626 0.0550 0.0550

Table 13. MSE results obtained from p = 7, ρ = 0.1 and ρ = 0.2, different sample sizes and different
ridge parameter estimators

p = 7 p = 7
ρ = 0.1 ρ = 0.2

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.5186 0.5393 0.5030 0.5570 0.5030 0.4645 0.4894 0.4564 0.5230 0.4564
n = 30 0.3192 0.3327 0.3057 0.2806 0.2806 0.3294 0.3637 0.3182 0.2607 0.2607
n = 50 0.2011 0.2129 0.1892 0.1528 0.1528 0.2617 0.2880 0.2485 0.1542 0.1542
n = 60 0.1739 0.1843 0.1631 0.1286 0.1286 0.2472 0.2701 0.2349 0.1431 0.1431
n = 80 0.1433 0.1516 0.1340 0.1033 0.1033 0.2279 0.2453 0.2171 0.1351 0.1351
n = 100 0.1266 0.1335 0.1184 0.0904 0.0904 0.2187 0.2327 0.2091 0.1353 0.1353
n = 120 0.1146 0.1204 0.1075 0.0823 0.0823 0.2138 0.2256 0.2053 0.1380 0.1380
n = 150 0.1045 0.1093 0.0985 0.0756 0.0756 0.2070 0.2166 0.1997 0.1408 0.1408
n = 180 0.0968 0.1008 0.0916 0.0708 0.0708 0.2025 0.2105 0.1963 0.1438 0.1438
n = 200 0.0936 0.0972 0.0887 0.0689 0.0689 0.1997 0.2069 0.1940 0.1449 0.1449
n = 250 0.0871 0.0900 0.0830 0.0651 0.0651 0.1965 0.2023 0.1917 0.1489 0.1489
n = 500 0.0746 0.0762 0.0724 0.0591 0.0591 0.1886 0.1915 0.1860 0.1576 0.1576

Table 14. MSE results obtained from p = 7, ρ = 0.3 and ρ = 0.4, different sample sizes and different
ridge parameter estimators.

p = 7 p = 7
ρ = 0.3 ρ = 0.4

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.4089 0.4532 0.4205 0.4623 0.4089 0.3586 0.4152 0.3902 0.3956 0.3586
n = 30 0.3325 0.3849 0.3380 0.2393 0.2393 0.3129 0.3741 0.3377 0.2266 0.2266
n = 50 0.3014 0.3372 0.2999 0.1708 0.1708 0.3030 0.3424 0.3151 0.1856 0.1856
n = 60 0.2957 0.3257 0.2929 0.1698 0.1698 0.2998 0.3321 0.3089 0.1897 0.1897
n = 80 0.2872 0.3097 0.2839 0.1762 0.1762 0.2987 0.3227 0.3047 0.2025 0.2025
n = 100 0.2833 0.3013 0.2800 0.1853 0.1853 0.2970 0.3158 0.3013 0.2138 0.2138
n = 120 0.2792 0.2941 0.2761 0.1927 0.1927 0.2956 0.3111 0.2990 0.2224 0.2224
n = 150 0.2760 0.2878 0.2732 0.2020 0.2020 0.2952 0.3074 0.2977 0.2327 0.2327
n = 180 0.2753 0.2851 0.2728 0.2098 0.2098 0.2938 0.3038 0.2957 0.2394 0.2394
n = 200 0.2745 0.2832 0.2722 0.2139 0.2139 0.2937 0.3027 0.2954 0.2433 0.2433
n = 250 0.2724 0.2793 0.2704 0.2208 0.2208 0.2934 0.3005 0.2947 0.2507 0.2507
n = 500 0.2689 0.2723 0.2678 0.2365 0.2365 0.2924 0.2959 0.2930 0.2657 0.2657
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Table 15. MSE results obtained from p = 7, ρ = 0.5 and ρ = 0.6, different sample sizes and different
ridge parameter estimators.

p = 7 p = 7
ρ = 0.5 ρ = 0.6

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.3135 0.3705 0.3522 0.3437 0.3135 0.2709 0.3198 0.3078 0.3010 0.2709
n = 30 0.2781 0.3398 0.3151 0.2152 0.2152 0.2401 0.2982 0.2820 0.2030 0.2030
n = 50 0.2765 0.3156 0.2980 0.1897 0.1897 0.2409 0.2790 0.2679 0.1834 0.1834
n = 60 0.2769 0.3095 0.2945 0.1940 0.1940 0.2430 0.2744 0.2650 0.1873 0.1873
n = 80 0.2777 0.3014 0.2901 0.2063 0.2063 0.2460 0.2691 0.2621 0.1972 0.1972
n = 100 0.2790 0.2976 0.2886 0.2170 0.2170 0.2469 0.2651 0.2595 0.2041 0.2041
n = 120 0.2786 0.2939 0.2864 0.2241 0.2241 0.2481 0.2630 0.2584 0.2101 0.2101
n = 150 0.2796 0.2916 0.2857 0.2331 0.2331 0.2493 0.2611 0.2574 0.2169 0.2169
n = 180 0.2791 0.2890 0.2841 0.2386 0.2386 0.2495 0.2592 0.2561 0.2209 0.2209
n = 200 0.2796 0.2884 0.2839 0.2420 0.2420 0.2501 0.2588 0.2561 0.2237 0.2237
n = 250 0.2794 0.2864 0.2829 0.2475 0.2475 0.2504 0.2573 0.2551 0.2278 0.2278
n = 500 0.2800 0.2834 0.2817 0.2600 0.2600 0.2514 0.2548 0.2537 0.2371 0.2371

Table 16. MSE results obtained from p = 7, ρ = 0.7 and ρ = 0.8, different sample sizes and different
ridge parameter estimators.

p = 7 p = 7
ρ = 0.7 ρ = 0.8

k1 k2 k3 krobust MSEmin k1 k2 k3 krobust MSEmin
n = 20 0.2430 0.2762 0.2688 0.2676 0.2430 0.2222 0.2329 0.2282 0.2330 0.2222
n = 30 0.2062 0.2562 0.2456 0.1921 0.1921 0.1787 0.2181 0.2112 0.1772 0.1772
n = 50 0.2054 0.2419 0.2346 0.1726 0.1726 0.1726 0.2072 0.2022 0.1592 0.1592
n = 60 0.2079 0.2385 0.2324 0.1749 0.1749 0.1746 0.2045 0.2004 0.1601 0.1601
n = 80 0.2102 0.2330 0.2285 0.1801 0.1801 0.1782 0.2015 0.1985 0.1633 0.1633
n = 100 0.2130 0.2311 0.2276 0.1858 0.1858 0.1805 0.1993 0.1969 0.1666 0.1666
n = 120 0.2146 0.2296 0.2266 0.1903 0.1903 0.1823 0.1980 0.1961 0.1693 0.1693
n = 150 0.2156 0.2274 0.2251 0.1945 0.1945 0.1841 0.1966 0.1951 0.1725 0.1725
n = 180 0.2167 0.2265 0.2246 0.1979 0.1979 0.1851 0.1955 0.1942 0.1746 0.1746
n = 200 0.2172 0.2260 0.2243 0.1998 0.1998 0.1859 0.1952 0.1940 0.1759 0.1759
n = 250 0.2181 0.2250 0.2237 0.2030 0.2030 0.1870 0.1944 0.1935 0.1782 0.1782
n = 500 0.2195 0.2229 0.2222 0.2097 0.2097 0.1890 0.1927 0.1922 0.1829 0.1829

Table 17. MSE results obtained from p = 7 and ρ = 0.9, different sample sizes and different ridge
parameter estimators.

p = 7
ρ = 0.9

k1 k2 k3 krobust MSEmin
n = 20 0.2080 0.1904 0.1876 0.1868 0.1868
n = 30 0.1582 0.1823 0.1777 0.1564 0.1564
n = 50 0.1442 0.1765 0.1730 0.1455 0.1442
n = 60 0.1447 0.1747 0.1718 0.1455 0.1447
n = 80 0.1474 0.1728 0.1706 0.1474 0.1474
n = 100 0.1497 0.1711 0.1694 0.1492 0.1492
n = 120 0.1519 0.1703 0.1689 0.1509 0.1509
n = 150 0.1541 0.1692 0.1681 0.1528 0.1528
n = 180 0.1560 0.1686 0.1677 0.1544 0.1544
n = 200 0.1568 0.1682 0.1674 0.1550 0.1550
n = 250 0.1585 0.1677 0.1671 0.1566 0.1566
n = 500 0.1618 0.1664 0.1661 0.1596 0.1596
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20 sample size). Because of the low probability of encountering sample size n = 20 in
large-scale studies, the deviation can be ignored. As a result, it can be said that the krobust
parameter estimator yields the smallest MSE in almost all cases.

4. A numerical example

In this section for illustration we apply an example of the recently published [23] data set
to compare the performance of the proposed robust ridge estimator with the estimators
found to be best in the study of Göktaş and Sevinç [6]. The market historical data set of
real estate valuation is collected in 2018 from Sindian District New Taipei City, Taiwan.
The following linear regression model has been considered.

Yi = β1Xi1 + β2Xi2 + β3Xi3 + β4Xi4 + β5Xi5 + β6Xi6 + εi (27)

where Y is the house price of unit area (10,000 New Taiwan Dollar/Ping, where ping is
a local unit, 1 Ping=3.3 meter squared), X1 is the transaction date, X2 is the house age
(unit: year), X3 is the distance to the nearest MRT station (unit: meter), X4 is the number
of convenience stores in the living circle on foot (integer), X5 is the geographic coordi-
nate, latitude (unit: degree), X6 is the geographic coordinate, longitude (unit: degree). It is
observed from correlation Table 18 that the some of the regressors (X3,X4, X5 and X6) are
highly inter-correlated. This, in fact, implies the existence of multi-collinearity in the data
set. So, the data set can be used to compare the proposed robust ridge estimator with the
others and we are dealing with the dataset in different aspect. The study of Yeh, and Hsu
[23] avoids collinearity and use three different methods to present best functional relation-
ship between house pricing with other factors. Therefore, in this regard it is advantageous
to use a prediction method eliminating the effect of multicollinearity like a ridge method
with best ridge parameter estimator representative proposed in the study.

Table 18. Pearson correlation coefficient matrix of the regressors.

X1 X2 X3 X4 X5 X6

X1 1.000 0.018 0.061 0.010 0.035 −0.041
X2 0.018 1.000 0.026 0.050 0.054 −0.049
X3 0.061 0.026 1.000 −0.603 −0.591 −0.806
X4 0.010 0.050 −0.603 1.000 0.444 0.449
X5 0.035 0.054 −0.591 0.444 1.000 0.413
X6 −0.041 −0.049 −0.806 0.449 0.413 1.000

Table 19. The MSE and the estimated regression coefficients of the estimators.

Estimators OLS k1 k2 k3 krobust VIF

Ridge parameter
estimator

0 0.252842 1.231537 0.735769 6.169428

MSE 0.0128002 0.012736 0.012514 0.012621 0.011960
β̂1 0.106714 0.106618 0.106249 0.106435 0.105868 1.1556
β̂2 −0.225812 −0.225669 −0.225116 −0.225396 −0.224536 1.2148
β̂3 −0.416252 −0.415410 −0.412213 −0.413820 −0.408956 32.4496
β̂4 0.245345 0.245366 0.245438 0.245404 0.245497 14.4316
β̂5 0.205647 0.205739 0.206084 0.205912 0.206423 10.8921
β̂6 −0.014020 −0.013377 −0.010937 −0.012164 −0.008452 30.4963
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As seen inTable 19, the estimation of each ridge parameter varies from0.25 to 6.17. Each
of the estimated ridge parameters has little effect on the estimated regression parameters.
From the MSE results, the proposed robust estimator did perform better in compari-
son with the other three best ridge parameter estimators. That means the proposed ridge
parameter estimator performs parallel to the results obtained from the simulation studies
(for verification see Tables 12 and 16). This example simply shows the applicability of the
new proposed ridge estimator and its priority in practice.

5. The concluding remarks

In the current study, a new robust k parameter estimator has been proposed according to
the search method by selecting the parameters that perform best among the many ridge
parameter estimators proposed in the literature so far. This proposed new krobust parameter
estimator was compared to other parameter estimators known to be the best. As a result
of the comparison, krobust parameter was found to give smaller MSE results compared to
others except in the few cases with small samples. Even in these exceptional cases, theMSE
value of the krobust does not differ significantly from the smallest MSE value presented by
other ridge parameter estimators. As the sample size increased, the MSE values obtained
from the krobust were found to be smaller in every case. As a result, more effective estimates
can be obtained by using the krobust parameter estimator we have proposed for the RR
method in cases where there is multicollinearity and parameter estimation comes to the
fore.
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