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LIGHTLIKE HYPERSURFACES IN SEMI-RIEMANNIAN
MANIFOLD WITH SEMI-SYMMETRIC

NON-METRIC CONNECTION

EROL YAŞAR, A. CEYLAN ÇÖKEN and AHMET YÜCESAN

Abstract

In this paper, we study lightlike hypersurfaces of a semi-Riemannian manifold admitting a semi-
symmetric non-metric connection. We give the equations of Gauss and Codazzi. Then, we obtain
conditions under which the Ricci tensor of a lightlike hypersurface is symmetric given that the
ambient space is equipped with a semi-symmetric non-metric connection.

1. Introduction

Ageshe and Chafle [1] introduced the idea of a semi-symmetric non-metric
connection on a Riemannian manifold. Prasad andVerma [11] got the necessary
and sufficient condition in order that the Weyl projective curvature tensor of
a semi-symmetric non-metric connection is equal to the projective curvature
of the Riemannian connection. In addition, they obtained a necessary and
sufficient condition for the Ricci tensor of the semi-symmetric non-metric
connection to be symmetric. De and Kamilya [4] gave basic properties of
a hypersurface of a Riemannian manifold with semi-symmetric non-metric
connection.

In this paper we study lightlike hypersurface of a semi-Riemannian man-
ifold admitting the semi-symmetric non-metric connection. It is well known
that lightlike hypersurfaces are of metrics with vanishing determinants and
this degeneracy of these metrics leads to several difficulties: Firstly, the con-
travariant metric cannot immediately be defined, so the connection cannot be
specified uniquely in the normal way. Secondly, the normal is a lightlike vector
lying in the tangent plane, which makes it necessary to look for some other
vector to rig the hypersurface, and makes it impossible to normalise the nor-
mal in the usual way. Since these objects are considered, to study the general
theory of lightlike hypersurfaces is very important topic. Several papers have
been written on lightlike hypersurfaces in recent years [2], [3], [7], [9].
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In the present paper, we have proved that on lightlike hypersurfaces the con-
nection induced from a semi-symmetric non-metric connection is semi-sym-
metric non-metric, and also on the screen distribution the connection induced
from that connection is semi-symmetric non-metric. For a lightlike hypersur-
face and screen distribution we define the induced geometrical objects with
respect to a semi-symmetric non-metric connection such as second funda-
mental form, shape operator, etc., . . . Then we give equations of Gauss and
Codazzi. Finally, we obtain the conditions under which the Ricci tensor of a
lightlike hypersurface with respect to a semi-symmetric non-metric connection
is symmetric. Also, we show that the Ricci tensor of a lightlike hypersurface
is not parallel with respect to a semi-symmetric non-metric connection.

In our preceding work [14], we study totally umbilical lightlike hyper-
surfaces of a semi-Riemannian manifold admitting a semi-symmetric metric
connection. We find that the induced connection on a totally umbilical lightlike
hypersurface from a semi-symmetric metric connection is a semi-symmetric
but not metric. However we show that the induced connection on the screen
distribution is metric. Then, we obtain some results on Ricci tensor of a totally
umbilical lightlike hypersurface with respect to a semi-symmetric connection.

2. Preliminaries

Let M be a hypersurface of a (n + 1)-dimensional, n > 1, semi-Riemannian
manifold M̃ with semi-Riemannian metric g̃ of index 1 ≤ ν ≤ n. We consider

TxM
⊥ = {

Yx ∈ TxM̃
∣∣ g̃x (Yx, Xx) = 0, ∀Xx ∈ TxM

}

for any x ∈ M . Then we say that M is a lightlike (null, degenerate) hypersur-
face of M̃ or equivalently, the immersion

i : M → M̃

of M in M̃ is lightlike (null, degenerate) if TxM ∩ TxM
⊥ �= {0} at any x ∈

M . Henceforth we identify i (M) with M and we denote the differential di,
immersing a vector field X on M to a vector field φX on M̃ , by φ. Thus the
induced metric tensor g = g̃|M is defined by

g(X, Y ) = g̃(φX, φY ), ∀X, Y ∈ �(TM).

An orthogonal complementary vector bundle of TM⊥ in TM is non-degene-
rate subbundle of TM called the screen distribution on M and denoted S(TM).
We have the following splitting into orthogonal direct sum:

(1) TM = S(TM)⊥TM⊥.
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The subbundle S(TM) is non-degenerate, so is S(TM)⊥, and the following
holds:

(2) TM̃ = S(TM)⊥S(TM)⊥,

where S(TM)⊥ is the orthogonal complementary vector bundle to S(TM) in
TM̃

∣∣
M

.
Let tr(TM) denote the complementary vector bundle of TM⊥ in S(TM)⊥.

Then we have

(3) S(TM)⊥ = TM⊥ ⊕ tr(TM).

Let U be a coordinate neighborhood in M and ξ be a basis of �(TM⊥|U).
Then there exists a basis N of tr(TM)|U satisfying the following conditions:

g̃(N, ξ) = 1,

and
g̃ (N, N) = g̃(W, N) = 0, ∀W ∈ �(S(TM)|U).

The subbundle tr(TM) is called a lightlike transversal vector bundle of M . We
note that tr(TM) is never orthogonal to TM . From (1), (2) and (3) we have

(4) TM̃
∣∣
M

= S(TM)⊥ (
TM⊥ ⊕ tr(TM)

) = TM ⊕ tr(TM) [5].

Example 2.1 ([5]). In R4
2 consider the hypersurface

M = {
(x1, x2, x3, x4)

∣∣ x4 = x1 + 1
2 (x2 + x3)

2
}
.

It is easy to check that M is a lightlike hypersurface and

TM⊥ = Span{ξ},
where ξ = (1, x2 + x3, −x2 − x3, 1). Then take as lightlike transversal vector
bundle

tr(TM) = Span{N},
where N = − 1

2(1+(x2+x3)2)
(1, x2 + x3, x2 + x3, −1). It follows that the corres-

ponding screen distribution S(TM) is spanned by

{W1 = (−x2 − x3, 1, 0, 0), W2 = (0, 0, 1, x2 + x3)}.
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3. Semi-Symmetric Non-Metric Connection

Let M̃ be an (n + 1)-dimensional, n > 1, differentiable manifold of class C∞
and ∇̃ a linear connection in M̃ . If the torsion tensor T̃ of ∇̃ defined by

T̃ (X̃, Ỹ ) = ∇̃X̃Ỹ − ∇̃Ỹ X̃ − [X̃, Ỹ ], ∀X̃, Ỹ ∈ �(TM̃)

satisfies
T̃ (X̃, Ỹ ) = π̃(Ỹ )X̃ − π̃(X̃)Ỹ

for a 1-form π̃ , then the connection ∇̃ is said to be semi-symmetric ([1] and
[13]).

Let a semi-Riemannian metric g̃ of index ν with 1 ≤ ν ≤ n in M̃ be given
and ∇̃ satisfy

(∇̃X̃g̃)(Ỹ , Z̃) = −π̃(Ỹ )g̃(X̃, Z̃) − π̃(Z̃)g̃(X̃, Ỹ ),

then such a linear connection is called a non-metric connection [1].
We now suppose that the semi-Riemannian manifold M̃ admits a semi-

symmetric non-metric connection given by

(5) ∇̃X̃Ỹ =
◦
∇̃X̃Ỹ + π̃(Ỹ )X̃

for arbitrary vector fields X̃ and Ỹ of M̃ , where
◦
∇̃ denotes the Levi-Civita con-

nection with respect to the semi-Riemannian metric g̃, π̃ is a 1-form associated
with the vector field Q̃ on M̃ by

π̃(X̃) = g̃(X̃, Q̃)

(see [1] and [6]).
By using the second form of the decomposition (4), we can write

(6) Q̃ = φQ + μN

where Q is a vector field and μ is a function in M .

We know that the Gauss formula with respect to
◦∇ the symmetric linear

connection induced on the lightlike hypersurface from
◦
∇̃ is

(7)
◦
∇̃φXφY = φ(

◦∇XY ) + B(X, Y )N

for any X, Y ∈ �(TM), where B is the second fundamental form of M [5].
Denoting by ∇ the connection induced on the lightlike hypersurface from ∇̃,
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we have

(8) ∇̃φXφY = φ (∇XY ) + m(X, Y )N,

where m is a tensor of type (0, 2) of the lightlike hypersurface of M and we
call (8) the Gauss formula with respect to the induced connection ∇.

In view of (5), we find

∇̃φXφY =
◦
∇̃φXφY + π̃(φY )φX,

and therefore, using (7) and (8), we can also write

φ (∇XY ) + m(X, Y )N = φ(
◦∇XY ) + B(X, Y )N

+ π̃(φY )φX.(9)

Substituting (6) into (9), we obtain

φ (∇XY ) + m(X, Y )N = φ(
◦∇XY + π(Y )X) + B(X, Y )N,

from which

(10) ∇XY = ◦∇XY + π(Y )X,

where π(X) = π̃(φX) and

(11) m(X, Y ) = B(X, Y ).

Taking account of (10) and the connection induced on lightlike hypersurface
from Levi-Civita connection is not metric, we obtain

(12) (∇Xg)(Y, Z) = m(X, Y )η (Z) + m(X, Z)η(Y )

− π(Y )g(X, Z) − π(Z)g(X, Y )

where
η (Z) = g̃(Z, N)

for any X, Y, Z ∈ �(TM) and N ∈ �(tr(TM)). We also get from (10)

(13) T (X, Y ) = π(Y )X − π(X)Y.

Thus, from (12) and (13), we have

Proposition 3.1. The connection induced on a lightlike hypersurface of a
semi-Riemannian manifold with a semi-symmetric non-metric connection is
also a semi-symmetric non-metric connection.
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The Weingarten formula with respect to the Levi-Civita connection
◦
∇̃ is

(14)
◦
∇̃φXN = −φ(

◦
ANX) + τ(X)N

for any vector field X of M , where
◦

AN is the shape operator of M and τ is a
1-form [5].

Next, if P denotes the projection morphism of TM on S(TM) with respect
to the decomposition (1) and using (5), we get

∇̃φXN =
◦
∇̃φXN + λφX,

because of

π̃ (N) = g̃(Q̃, N) = g̃(PφQ + λξ + μN, N) = λg(ξ, N) = λ.

Thus using (14), we find

(15) ∇̃φXN = −φ((
◦

AN − λI)X) + τ(X)N,

where I is the unit tensor. Denoting AN by AN = (
◦

AN − λI) and from (15),
we have

(16) ∇̃φXN = −φ(ANX) + τ(X)N

for any vector field X of M . We call (16) the Weingarten formula with respect
to the semi-symmetric non-metric connection.

We know that the geometry of a lightlike hypersurface depends on the
chosen screen distribution and the local fundamental form with respect to
the symmetric connection of M on U is independent of the choice of screen
distribution [5]. Then from (11), we have

Proposition 3.2. Let S(TM) and S(TM)′ be two screen distributions on
M and m and m′ be the second fundamental forms with respect to tr(TM) and
tr(TM)′, respectively. Then m = m′ on U, that is the local second fundamental
form of M on U, is independent of the choice of screen distribution.

Corollary 3.3. The second fundamental form with respect to a semi-
symmetric non-metric connection of a lightlike hypersurface is degenerate.

Proof. Taking into account that ∇̃ is a semi-symmetric non-metric con-
nection, from Proposition 3.2 it follows that

m(X, ξ) = 0, ∀X ∈ �(TM)

which proves the assertion.
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Now, we give geometrical objects for screen distribution. Since P denotes
the projection morphism of TM on S(TM) with respect to the decomposition
(1), we have

(17)
◦∇φXPφY = φ(

◦
∗∇XPY) + C (X, PY ) ξ

and

(18)
◦∇φXξ = −φ(

◦
∗

AξX) − τ(X)ξ

for any X, Y ∈ �(TM) and ξ ∈ �(TM⊥), where φ(

◦
∗∇XPY) and φ(

◦
∗

AξX)

belong to �(S(TM)) and C is 1-form on M such that C is defined by

(19) C(X, PY ) = g(
◦

ANX, PY)

[5]. Analogous to the equation (17), we have

(20) ∇φXPφY = φ(
∗∇XPY) + D (X, PY) ξ,

where φ(
∗∇XPY) belong to �(S (TM)) and D is 1-form on M .

From (10), we get

∇φXPφY = ◦∇φXPφY + π(PφY)φX.

Thus, using (17) and (20), we have

φ(
∗∇XPY) + D (X, PY) ξ = φ(

◦
∗∇XPY) + C (X, PY ) ξ + π(PφY)φX

from which

(21)
∗∇XPY =

◦
∗∇XPY + π(PY )X

and

(22) D(X, PY ) = C(X, PY ) + π(PY ) g̃(X, N)

for any X ∈ �(TM).
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By using (21), we find

∗∇X(g(PY, PZ)) = (
∗∇Xg)(PY, PZ) +

◦
∗∇X(g(PY, PZ)) − (

◦
∗∇Xg)(PY, PZ)

+ π(PY )g(PX, PZ) + π(PZ)g(PX, PY )

from this, we obtain

(23) (
∗∇Xg)(PY, PZ) = −π(PY )g(PX, PZ) − π(PZ)g(PX, PY ).

We also have from (21)

(24)
∗
T (PX, PY ) = π (PY ) PX − π (PX) PY.

Then, in view of (23) and (24), we have

Proposition 3.4. The connection
∗∇ induced on a screen distribution of

lightlike hypersurface is a semi-symmetric non-metric connection.

4. Equations of Gauss and Codazzi

We denote by

◦
R̃(X̃, Ỹ )Z̃ =

◦
∇̃X̃

◦
∇̃ Ỹ Z̃ −

◦
∇̃ Ỹ

◦
∇̃X̃Z̃ −

◦
∇̃ [X̃,Ỹ ]Z̃

the curvature tensor of M̃ with respect to the Levi-Civita connection
◦
∇̃ and by

◦
R(X, Y )Z = ◦∇X

◦∇Y Z − ◦∇Y

◦∇XZ − ◦∇ [X,Y ]Z

that of M with respect to induced connection
◦∇. Then the Gauss-Codazzi

equations of lightlike hypersurface are given by

(25) g̃(
◦

R̃(φX, φY )φZ, φPW) = g(
◦

R(X, Y )Z, PW)

+ B(X, Z)C(Y, PW) − B(Y, Z)C(X, PW),

(26) g̃(
◦

R̃(φX, φY )φZ, ξ) = (
◦∇XB)(Y, Z) − (

◦∇Y B)(X, Z)

+ B(Y, Z)τ(X) − B(X, Z)τ(Y ),

and

(27) g̃(
◦

R̃(φX, φY )φZ, N) = g̃(
◦

R(φX, φY )φZ, N)
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for any X, Y, Z, W ∈ �(TM), ξ ∈ �(TM⊥), N ∈ �(tr(TM)) [5].
Now, we shall find the equations of Gauss and Codazzi of lightlike hyper-

surface with a semi-symmetric non-metric connection. The curvature tensor
of the semi-symmetric non-metric connection ∇̃ of M̃ is, by definition,

R̃(X̃, Ỹ )Z̃ = ∇̃X̃∇̃Ỹ Z̃ − ∇̃Ỹ ∇̃X̃Z̃ − ∇̃[X̃,Ỹ ]Z̃.

Putting X̃ = φX, Ỹ = φY , Z̃ = φZ, we get

R̃(φX, φY )φZ = ∇̃φX∇̃φY φZ − ∇̃φY ∇̃φXφZ − ∇̃φ[X,Y ]φZ.

Thus, using (8) and (16), we find
(28)

R̃(φX, φY )φZ = φ (R(X, Y )Z) + m (X, Z) ANY − m(Y, Z)ANX

+ {
m (π(Y )X − π(X)Y, Z) + (∇Xm) (Y, Z)

− (∇Y m) (X, Z) + m(Y, Z)τ(X) − m (X, Z) τ(Y )
}
N

where R(X, Y )Z = ∇X∇Y Z − ∇Y ∇XZ − ∇[X,Y ]Z is the curvature tensor of
a lightlike hypersurface with a semi-symmetric non-metric connection ∇.

Then, we obtain from (16), (19), (22) and (28)

(29)

g̃(R̃(φX, φY )φZ, φPW)

= g(R(X, Y )Z, PW) + λm(Y, Z)g(PX, PW)

− λm (X, Z) g(PY, PW) + m (X, Z) D(Y, PW)

− m(Y, Z)D(X, PW) + m(Y, Z)π(PW)ξ(X)

− m (X, Z) π(PW)ξ(Y ),

(30) g̃(R̃(φX, φY )φZ, ξ) = m (π(Y )X − π(X)Y, Z) + (∇Xm) (Y, Z)

− (∇Y m) (X, Z) + m(Y, Z)τ(X) − m (X, Z) τ(Y ),

and

(31) g̃(R̃(φX, φY )φZ, N) = g̃(R (φX, φY ) φZ, N) + λm(Y, Z)η(X)

− λm (X, Z) η(Y ).

We call equations (29)–(31) the Gauss-Codazzi equations of the lightlike hy-
persurface with a semi-symmetric non-metric connection.
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5. The Ricci Tensor of Lightlike Hypersurface with Semi-Symmetric
Non-Metric Connection

Let M be a lightlike hypersurface of a (n + 1)-dimensional, n > 1, semi-
Riemannian manifold M̃ admitting a semi-symmetric non-metric connection.
Analogous to the definition of the Ricci tensor of M with respect to the sym-
metric connection, we define the Ricci tensor of M with respect to a semi-
symmetric non-metric connection by

(32) Ric(X, Y ) = trace {Z −→ R(X, Z)Y } ,

for any X, Y, Z ∈ �(TM). Then, the Ricci tensor of M with respect to a
semi-symmetric non-metric connection is given by

(33) Ric(X, Y ) =
n−1∑
i=1

εig(R(X, Wi)Y, Wi) + g̃(R(X, ξ)Y, N)

where {W1, . . . , Wn−1} are the orthonormal basis of screen distribution.
Thus, by using (10), (28) and (33) we obtain

(34) Ric(X, Y ) − Ric(Y, X) = 2dτ(X, Y ) + (n − 1)dπ(X, Y )

for any X, Y ∈ �(TM).
From (34), we have

Proposition 5.1. Let M be a lightlike hypersurface of a semi-Riemannian
manifold M̃ admitting a semi-symmetric non-metric connection. Then Ricci
tensor of a lightlike hypersurface with respect to a semi-symmetric non-metric
connection is symmetric if and only if the 1-forms τ and π are closed.

We assume that the 1-form π is closed. Then we can define the sectional
curvature for a section in M̃ with respect to the semi-symmetric non-metric
connection (see [1]).

Now, suppose that the semi-symmetric non-metric connection ∇̃ is of con-
stant sectional curvature, then R̃(X̃, Ỹ )Z̃ should be of the form

(35) R̃(X̃, Ỹ )Z̃ = c{g̃(X̃, Z̃)Ỹ − g̃(Ỹ , Z̃)X̃}
for any X̃, Ỹ , Z̃ ∈ �(TM̃), where c is a certain scalar. Thus M̃ is a semi-
Riemannian manifold of constant curvature c with respect to semi-symmetric
non-metric connection and denote it by M̃(c).

Proposition 5.2. Let M be a lightlike hypersurface of an (n + 1)-dimen-
sional semi-Riemannian space form M̃(c) with a semi-symmetric non-metric
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connection. Then we get
(36)

Ric(X, Y ) = (n − 1) c g(X, Y ) − H m(X, Y ) +
n−1∑
i=1

εim(Wi, Y )D(X, Wi),

for any X, Y, Z ∈ �(TM), where H is the mean curvature of lightlike hyper-
surface with respect to semi-symmetric non-metric connection given by

H =
n−1∑
i=1

εig(ANWi, Wi).

Proof. Substituting (28) into (33) and taking into account (35), we obtain
(36).

Corollary 5.3. Let M be a lightlike hypersurface of an (n+1)-dimensional
semi-Riemannian space form M̃(c) with a semi-symmetric non-metric connec-
tion. Then the Ricci tensor of M is symmetric if and only if the shape operator
with respect to a semi-symmetric non-metric connection of M is symmetric
with respect to the second fundamental form of M .

Proposition 5.4. Let M be a lightlike hypersurface of an (n + 1)-dimen-
sional, n > 1, semi-Riemannian space form M̃(c) with a semi-symmetric
non-metric connection. Then Ricci tensor of M is not parallel with respect to
semi-symmetric non-metric connection ∇.

Proof. If we take the derivative of Ricci tensor of M with respect to a
semi-symmetric non-metric connection, we find

(∇Z Ric)(X, Y ) = ∇Z Ric(X, Y ) − Ric(∇ZX, Z) − Ric(X, ∇ZY ).

On the other hand, using equations (36) and (12), we have

(37)

(∇Z Ric)(X, Y )

= (n − 1)c{(∇Zg)(X, Y ) − (∇Zm)(X, Y )H − m(X, Y )Z(H)

+
n−1∑
i=1

εi{(∇Zm)(Wi, Y ) + m(∇ZWi, Y )}D(X, Wi)

+
n−1∑
i=1

εim(Wi, Y ){(∇ZD)(X, Wi) + D(X, ∇ZWi)}.

Since ∇ is a semi-symmetric non-metric connection on M , the term
(∇Zg)(X, Y ) in the right hand side of equation (37) is not vanishing for any
X, Y, Z ∈ �(TM). So the proof is completed.
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14. Yaşar, E., Çöken, A. C., and Yücesan, A., Totally umbilical lightlike hypersurfaces in semi-

Riemannian manifold with semi-symmetric metric connection, Int. J. Pure and Appl. Math.
23 (2005), No. 3, 379–391.

ULA VOCATIONAL HIGH SCHOOL
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