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ABSTRACT

Very recently, a new concept was introduced to capture crossover behaviors that exhibit changes in patterns. The
aim was to model real-world problems exhibiting crossover from one process to another, for example, randomness
to a power law. The concept was called piecewise calculus, as differential and integral operators are defined piece
wisely. These behaviors have been observed in the spread of several infectious diseases, for example, tuberculosis.
Therefore, in this paper, we aim at modeling the spread of tuberculosis using the concept of piecewise modeling.
Several cases are considered, conditions under which the unique system solution is obtained are presented in detail.
Numerical simulations are performed with different values of fractional orders and density of randomness.
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1 Introduction

Although several studies have been done on behaviors of the tuberculosis virus, its spread,
and its effect on the human’s body until today, this virus persists and kills humans around the
world each year. It is even believed that the tuberculosis virus has affected about 25 percent of the
world population since about one percent of the world population is infected each year according
to what is reported in the literatures [I-4]. Tuberculosis is a seasonal transmissible disease, as
the peaks are reached every spring and summer. However, there is no apparent scientific reason
recorded that can explain this variation. Nevertheless, it is recorded that the virus spreads more
during weather conditions like low temperature, humidity, and low rainfall. Thus tuberculosis
incidence rates could be linked to change in the climate. Having peaks that occurred during some
period of the year show that the spread had many waves since antiquity. Indeed, each wave has a
specific pattern different from others or similar in some cases. It can be concluded that the virus
spread follows piecewise patterns. Mathematicians have tried to provide mathematical models to
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depict the spread behaviors as a function of time. Several studies have been performed in the
decades. The reproductive number of this virus has been calculated in many studies. New and
modified models have been provided and studied in detail. Several differential and integral oper-
ators have been used, for example, fractional differential operators to replicate spread behaviors.
Fractional derivative based on power law was introduced to replicate behaviors resembling the
power law [5-11]. Different techniques have been employed, for example, the stochastic process to
capture random behaviors. Nevertheless, the problem of different was not really addressed. The
concept of piecewise differential and integral operators was recently suggested and employed to
model some complex real-world problems, such as chaos and other epidemiological problems [12].
The concept seems to be efficient when modeling problems with crossover behaviors. In this paper,
we aim to modify an existing tuberculosis model with the concept of piecewise differentiation.

1.1 Important Definitions of Fractional Modelling
Definition 1: Let o > 0 of a function % :(0,00) — R and the Riemann-Liouville derivative of
fractional order is presented as

t
DYh(t) = l;—oz)% /(l—x)_“h(x)dx, O<a<l. (D)
0

I'(

Definition 2: Let /1: H'(a,b), b>a, 0 <« < 1 then, the Caputo-Fabrizio derivative of fractional
derivative is presented as

t
O ﬁ f H (x) exp [—a (lt _x)} dx. 2)

Definition 3: Let 4 : H'(a,b), b > a, « € (0,1) then, the definition of the new fractional
derivative (Atangana-Baleanu derivative in Caputo sense) is presented as

t
AB / t—x)*
ABCpey (1) = 1 @) f h (x)E, [—a(l X) i|dx, (3)
_a [—
a
where 4BC€D% is fractional operator with Mittag-Leffler kernel in the Caputo sense with order o

with respect to ¢ and
o

AB(oz):l—a-i—F(a),

4

1s a normalization function.

Definition 4: Let /& be continuous not necessary differentiable in [¢1, 7]. Thus, the piecewise
Riemann-Liouville derivative is presented as

oRL i (1), ifo<r<g
o Dih(t)= ®)

RLpen, if <t<T

where J®ED? presents classical derivative on 0 <7< ¢; and Riemann-Liouville fractional derivative
on 1 <t<T.
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Definition 5: The piecewise derivative with classical and exponential decay kernel is defined as

i (1), ifo<r<g
PCF por gy — (6)
0 ! CF nu :

i Di h(), if H<t<T
and

i (1), if 0<r<1g
PCFDah(I) — (7)
0 CFR ya -

o " Dih@), if tp<t<T
where F“FD? presents classical derivative on 0 < <, and Caputo-Fabrizio fractional derivative

onf<t<T.
Definition 6: The piecewise derivative with classical and Mittag-Leffler kernel is given as
i (1), if 0<r<g

PAB rya
Dih(n) = ®)
0
Z ABCDenh, if 5 <i<T

where gABD‘," presents classical derivative on 0 <t < ¢; and Atangana-Baleanu fractional derivative
ont)<t<T.

Definition 7: Let /s be continuous and « > 0 then a piecewise integral of /4 is given as

5]
[ h(v)dr, if0<tr<n
0

PPL jejgy = )

t
1
m/(z—r)"‘—lh(r)dr, it <t<T
3l

where 7 LJf’h(t) presents classical integral on 0 <7<t and the integral with power-law kernel on
n<t<T.

Definition 8: Let /i be continuous and « > 0 then a piecewise integral of / is given as

5]
[ h(z)dr, if 0<r<n
0
PCE oy = ‘ (10)
1_—Olh(t)Jr ¢ ht)yde, if 1 <t<T
M(a) M(a) ’ I=r=
131

where PCF e

n<t<T.

h(t) presents classical integral on 0 < ¢t < ¢; and Caputo-Fabrizio integral on
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2 Tuberculosis Epidemic Model

In this section, we take into account the following piecewise model of tuberculosis:

das
% = A—=PB1SO11 (1) — B2S(O (1) — uS(1),
dE
S0 = BnSOIO ~ B SOBO ~ (14 B, (11)
dl (1)
i pBISOL (D) +qPa SO L (D) +y E(t) — (¢ + n+61) 11(D),
dl
10— (=)W — (1452 B0 — rah(0).

The initial conditions are taken as follows:
SO0)=Sy, EO)=Ey, 5L(0)=A4y, 5L(0)=I. (12)

But we noted that the model was considered with its classical version in paper [13] before.
Now, we give the meanings of the parameters of model considered in this paper given by Table |
below:

Table 1: The meanings of the parameters of model

S: — susceptible individuals

E: — exposed individuals

I — first infected class

b: — second infected class

A — the recruitment rate

B1: — the level of contact with infectious [

B — the level of contact with infectious [

uw: — the rate of natural death

3: — death rate from disease in the TB infected individuals

V! — moving an individual from the latent sub-population to the infected sub-population

ory: — first line treatment
r: - {1-r), O0<ri<l
¢ (1 —r1): — the fraction of the infectious class
pr: —-{1-p), 0<p<l
qi: —-1-¢q), 0<g<l1

2.1 Second Derivative of Lyapunov Function and Strength Number

Lyapunov function formulation has been used in different analyses in different fields in the
last past year. In epidemiology, this function has been used to determine the stability analysis
of an epidemiological model. It has been reported that the Lyaponuv can be viewed as energy;
therefore, a sign of the first derivative of the function can be useful for the determination of
stability. Nevertheless, the sign of the first derivative of a function may not be enough to define
whether we have a local maximum or local minimum. On this note, it was suggested that the sign
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of the second derivative should also be studied. In this section, we shall proceed with such analysis
to determine the sign of our model’s second derivative of the associate Lyaponuv function.

In this section, we present the second derivative of Lyapunov function for the model [2-14].

ds
% = A=B1SO11 (D) — B2 SO (1) — nS(1),
dE
% = BipiS(OL () — Bon S(D L (1) — (u+y) E(0),
dI (1)
i pB1SO1 (D) +qBaS(OL (D) +y E(t) — (¢ + u+81) 11 (D),
dr
ff) = o1 =)L) — (1 +8) L (1) — graba (1), (13)

Now we find second derivative of Lyapunov function for model with following equality:

S*\ . E*\ .
L _di_a (1-%)5+(1-% )&

o (14)
dr dt Y IRV
H(1-7)h +(1 h() )12
S\ (E\ .. () . (BY s E*
(SN e BV o (BN (BN STNel (1 B\
= (S) S +<E) E +<11> L +(12) 12+(1 S)S+(1 E)E
¥y I\ -
Y ()
Here second derivatives of classes are given as below:
S = =B (SOLO+HOS®) = B2 (SOLO +LOS® ) = uSO),
E = Bipt (SOL0+1(0S0) + 21 (SOLO +LOSO) = (1 +y) Ew,
I = Bip (SOLO+1OSD) + B2 (SOLO + BOS®) +vE® — @+ -+ hi0),
b= ¢ =r)1i(1) = (n+8) b (1) — praby(0). (15)
Then we have,
di  (8\ o (BN . (1) . (2
N el * = * 1 * 2 *
e (5 (1) 1)

N (1 s*> —p1 (SOh®+h®S0)
S/ | =82 (S0B0 +L0S® ) uSo)



+<1 E*) Bip1 (S(t)11(t)+11(t)S(t))
E) | +p2a1 (@D + hOSO) — (1w +) E@

pip (SOL(O+H(1S®)
+ ( - f) +h2q (S(t)lz(t) +Iz(t)§‘(t)>
+yEW — @+ -+ hi)

I . : :
; (1 - _2) B =it — (u+ 82 h) —grab(0)]

dL .
E = L(SaE’II’IZ)

E*
—Bil1(1) — Bor (1) — . — F,Blplll 6

% *

E . I
——Boq1 () — I{ B1p — — Boglr(?)
E 5L

+B1p11 (D) + Baq1 (D) + B1pL1 (D)

1+ S(f) 4

% * *

S S S
+B2q2 (1) + F,Blll )+ Fﬂzlz(l) + M

) I*
+E(1) —(M+y)—1—111/+y}
23

E
—B1S() — (¢ +u+8) — FﬂlplS(f)

. I I
S IOR —1—1,31195(0 - I—2¢>(1 —r1) + Bip1S()

1
+B1pS(0) + ¢ (1 —r1) + S*B1 + ﬁ (¢ +u+81)

—p2S() — (n+382) —gr2
. E* Iy
+5(0) | —FﬂquS(t) - Hﬂzqs(f) + B2q1S(0)

1 I
+B24S(1) + S* By + i (1 +82) + itprz
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(17

Now replacing S(t), E(), I, (¢), and (1) by their respective formula with their positive and

negative parts, we have

d’L .

—— = LS,E,I;,L)+ 1" —11",
s ( 1,1)

d’L s N _
W:L( JE L L) +T1T — 11

I Iy

(18)
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where
Bip111(2) + Bog1 (1) + Bipl1 (1)
n+= S* S* st |+ BISOL® + SO L) + 1S(1))
+B2qlr (1) + Fﬁlll(l) + Fﬁzlz(l) + <H

E*
Bili () + Bo (D) + o+ F,BIPIII ©)
A E T + Bp1SO11 () + Bog1 S (1) y
+— P () + I pip + ﬁﬁzcﬂz(z)

1*
+((n+7v) E@®) ((M +y)+ ﬁ)

B1p1S(t) + B1pS(2)
. (ﬁlpll(f)s(l) + ﬂquz(t)S(t)> 1ol —r) + 5B

*

+y E(1) I;
+ (@ +u+dn)

B1S() + (¢ +pn+381) )

T@+u+d)h@®|  E* If I
. (‘i‘fﬂlpls(f) + RSO+ Fe( - )
1 2

B2q1S(0) + B2gS(8) + S* B2

JiS I;
+E (n+8)+ E‘P”Z

Tod-rh(® oS+ (80t \ | ()
+ (¢r212)

E* Iy
+—Poq15(t) + —P2qS(1)
E 5L

E*
Bili () + Balr(8) + u + F,Blplll ()
=21 I* + B1SOL (D) + B SO L (1) + uS(1))
+ B () + Bl (1) + ﬁﬂquzm

k k k

Bip111 (1) + Bog1 2(2) + Bipl1 (1) + B2q I (1)
S S S
Eﬂlll(f) + Eﬂzlz(l) + <K

*

I
+ (Bip1SO11 () + B2q1S() (1)) (— (nL+vy)— ﬁy) —y(u+y)EQ

I
+(¢+u+8) M) (*311’15(0 t g @ty )
+B1pS() + 1 S*+ (1 —r1)

+ (BipSON (1) + B2gS(D (D) + y E(1)
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E*
B1S() + (¢ +u+681)+ F,BIPIS(I)

i S(t ! 1
+H,31P <)+E¢( —r1)

P2S(1) + (i +82) +¢ra
* I*

TP S(0) + ﬁﬂqu(t)

+¢(1—r)I(2) B2q1S(t) + qB2S(t) + S* B2

+ (o) | I I
+=(n+38)+=9r
I I

Now we can easly put following results for obtained results above:

d*L
— =TI1; — I,. 20
dtz 1 2 ( )
Then

2L
If TT; > I1, then — >0, (21)

dr?

d’L
If T1; < I, then y7 <0,

d*L
If T =TI, then — =0.
1 =TIz then —

So, the interpretation associated the sign of second order.

2.2 Strength Number

Without a doubt, the reproductive number has been utilized as a powerful mathematical tool
to the stability of a mathematical model for a given infectious disease. While it has been used
with some success, it has also been criticized as an insufficient tool to predict the behavior of
the spread. For example, it was pointed out that there are several ways to obtain this value on
the other hand. However, it was also argued that this value could not help humans t determine
whether the model will determine waves. The concept of strength number has been suggested to
further the analysis and will be used in this section.

The component F4 is obtained with deriving the nonlinear part of the infected classes. In our
model there are two infected classes named by I; and /5. These infected classes given by

I = pBiSL(1) + gp2S(H (D) 22)
+YE®) — (¢4 4 81) 11 (1),

L= (1l —r)I(0) — (n+82) L) — praba(2).
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But we only use nonlinear part of infected classes. So we use I classes. Nonlinear part of I
classes is given by

=SOI(1)+ SO (1), (23)

d
A SOL® +SOL(D) =S, 24

32
—(S(»)) =0.
8112( (1))

In this case, we can have the following

o
F = . (25)
0

Then

det (FA y-1 u) —0, (26)
leads to

Ho=0. 27)

Ao means there is no strength. Also there are more conlusion when strengh is zero
1) The disease will spread with a constant speed.
2) The disease will not renewal process therefore no new wave will be expected.

3) The magnitude of the spread will be the same at all time until extinction.

3 Applications of Piecewise Derivative

3.1 A Mathematical Model of Tuberculosis Epidemic Model with Piecewise Modeling

In this section, we present some applications of piecewise derivative for tuberculosis epidemic
model such as
ds ()

dt
dE (1)
= Bip1S(OL (1) — Bag1 SO L(1) — (w+y) E(D),
ifo<t<mw, (28)

dI
61;” =pBiSON1 (D +qBSOL W) +yEW) — (¢ +p+81) L(1),

dh (1)
dt

=A—=B1SO1 (1) — B2S(O (1) — uS(2),

=1 —r)h (D) — (u+82) L(1) — pralr(1).
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SDYS(t) =1 — BISI1 (1) — BrS(O L (1) — uS(D),
SDYE@) = Bip1 SO (1) — g1 S(VL (1) — (n+ v) E(1), ,
if Wy <t< W, 29)
SDYL(1) =pP1SOI (1) + qP2 SV (1) + Y E() — (¢ + i +81) 11 (D),
DL =¢(1—r)L (1) — (1 +8) h(1) — era L (D).
dS(t) =1 — BISI1 (1) — B2 S(O L (1) — uS(D)] dt + 01 SdBy (D),
[ﬁlplS(l)Il(l) - ﬂquS(l)Iz(l):|
dE(t) = dt +oyEdB> (1),
—(n+y)EQ®
< |:P,315(t)11(f) + 4B SN L (1) + yE(t)} if Woy<t<W. (30)
dl (1) = dt +o311dB3(1),
—(@+u+8) (D)
[(l)(l — I (H) — (1 +82) Iz(f)}
dl (1) = dt +o41rdBy(1).
—ora2D (1)

Let us give necessary conditions for the existence and uniqueness, we must prove that V [0, W]
and [Wy, Wh] fi(S,E, I, ) for i=1,2,3,4 satisfy

1) Linear growth condition
fixi, D1* < k(1 +1x:1%)  for i=1,2,3,4. 31)
and

2) The Lipschitz condition.

xl =2 fori=1,2,3,4. (32)

st —fied.of <,

Now we define the norm |¢|l,, = sup |¢(?)|. Now we put forth the existence and uniqueness
teDy,

of the solution piecewisely for [0, W>]. For [0, W3], there exist 4 positive constant M7, M> M3 and
My < 0o such that

[Slloe < M1, (33)

| Elloe < M2,

111l < M3,

121100 < My.

Let us write system as below:
S=fi(S.E. I, I,
E=f,(S,E. I, 1),
I =f3(S,E. 1,1,
h=fi(S.E,I. D).

if 0<t<Wh. (34)
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For proof, we consider the function
i S.E. Il D)* = |»— iSO (1) — B2S (1) — S|, (35)
<42 +4|BISOL (1> +41B2S ()L (D] + 4 |uS(1)),
<42 +4 1L (01 SO0
+41B2L (OISO +4u> 1S,

=424 Bin?|_Isor

+4| B2 IS +an? 1012,

a2 (1 N I O s |S<z>2) |

22

under the condition that

||+ [ aran?| _+i?

. <1, (36)

then we have
i (S.E.I1. ) < ki (1+1S@)1?). (37)
Using same routine
s (S, E. I, )P = |Bip1SOI1 (D) — B2t SO L (1) — (w+y) E(D* (38)
<31Bip1SOL O +31Bq1 SOL(DI* + 3 (n+v) EDI,

<3 sup |Bip1S(OL (@)
t€[0,7>]

+3 sup 1Bq1SOLOI>+31(n+y) EDI?,
1€[0, 73]

<3|[(Bip1 SO (1)?

o0

+3 |(Bq1S() L (1))?

L3 IEQR,

=3|Bpison®?| +3|Basonm?|

3(u+y)?

n EDI |,
3|Bimsona?|_+3|Easono?|

1
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under the condition
(L+y)?
|Binson®?| +|Basoro?|

<1, then (39)

2 (S.E. 1. ) > <ka(1+[E@) ). (40)
For the function f3 (S, E, I, I5)
s (S, E, I1, L)* = [pB1S (1) +qBaSOL(1) +y E(t) — (d+u+8) (D], 41)
<4|pP1SON(D1> +41gpS(OL (1)
+AYEOP +41(p+p+8) L(0)7,
<4 pBISOP LD +41gBSDOL (1)
+AYEOP+4 @+ p+8) LD,

<4 sup [pB1SOP L@ +4 sup |gBSOLDI?
t€[0,75] 1€[0,77]

+4 sup [YEDOP +4(@+un+8)* L0,
1€[0,75]

<4

wp1S?| 1P +4|@ps0b0?|
+4| v E0?| _+4@+n+entinor,

=4|@pswrw?|

+4(E(t))2H 1+ “(pﬁIS(t))z“w+(¢+M+al)2 11 (1))
T e Japsonor|_+Joro?]_

under the condition
|wprs@?|_+@+n+s)?

|apson?| _+|wE0?| <l then 42)

3 (S, E. I, ) > < k3(1+ L (0)]). 43)
Finally for the function f4 (S, E, I, I>)
fa (S, E, I, )* = o1 —r)I1(0) — (1t +82) b (D) — prala (1), (44)
<3lp(L —rDLOF +31(n+8) LI

+3pra ()|,
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<3¢ (1L —r) (O +3(u+8)* 1L (D)
+ (pr)? 31 hL(n)|?,

<3¢*(1—ry) sup |43 (u+8) LD
1€[0,T5]

+ (pr)*3|hL(n)?,

=39%(1 )[R 0] 43048 0P +@r)?31LOP,

S 2 2
53¢>2(1—r1>H1%<z>H00<1+ )ty |Iz(r>|2),

P>(L—r) [T
under the condition
(L +82)% + (pr2)?
¢>(1—r) |7 O]

<1, then (45)

fa (S, E, I, 1) 1> < kg(1 4 | (1) ). (46)

Therefore the condition of linear growth is verified if

[Bn®?|_+|Bnw?| +u?
22
(1 +y)
|Bipson?| _+|Basone?|
|0BiS@2| +@+u+8)
|@pson?|_+|wE0?|

(1 + 82) + (pr2)?
¢>(1—r) [ IF 0] o

9

max <1. 47

Now we have to verify Lipschitz condition for equations.
For the function f (S, E, 11, 1),

Vl (S,E. I, b) —fi (S/,Eall,lz) <Bih@+ o) + 1) ‘S—S/ ; (48)
<kils-s|.
For the function f> (S, E, I, ),
2 (S B ) = o (S, B L B) | < (v + ) [E = E (49)

SEAE—E
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For the function f3 (S, E,I1,17),

3 (S, .11, 1) = 5 (S, BT, B) | < 0B SO + (6 + e +80) [ = 1 (50)
<k |n-1.
Finally for the function f4 (S, E, 11, 1),
/4 (S,E. I\, D) — fa (S, E. I, 15) | < (u+ 82 + or2) ‘12 —Ié|, (51)

5%4 ‘Iz—[é‘.

We verified the Lipschitz condition which completes the proof.

Let us do proof for last part of piecewise equation. Here we consider for V¢ € [W,, W]. In
the model we take for S(¢), E(¢),I1(¢) [r(¢) €[W>,1.), where t, shows explosion time. To prove the
solution is global, one has to prove that such system solution is global, so we have to prove that
Te = 00.

Now we consider /[y € Ry is a positive constant such that S(W5), E(W>), I[;(W) L (W) lies
within [%,lo]. We define a stopping time as

7= {t e[Wa,te): % >min{S(0), E(1), 11 (t), [L(¢)} or max{S(t), E(t),I1()[>(t)} > I} , (52)

for each / > /. While as / — oo, 1; is monotonically increasing. llim T) = Too With 7, > 75. V>0, if
— 00

we show that 7o, =0, then we can conclude that 7, =00 and S(¢), E(¢), I;(¢), (1) € Ri is solution.
So we have to prove that 7, = co.

If we have contradictory for the conclusion, then there exists 0 < W and ¢ € (0, 1) such that

P{W >t} > €. (53)

Now we define a function H(X) :Ri — R4 in H € C? such that

4

HX)=dHX)=>)_ (1 — %) dxj+ oy (x;— 1) dBj(1), (54)
j=1 / Jj=1
4 1 4
=3 (1= 1)+ Yoyl — 1 aso
j=1 J j=1

where
x1=80), xo2=E(), x3=0L(), x4=D5),
0j=(01,02,03,04), (55)

Bj(t) = (B1(1), B2(1), B3(1), B4(1)) .
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For our model H(X) is obtained by following equality:
4

H(X) =Z (1—%) X = (1 —é) S’+(1—%) E (56)
; ]

~

j=1
4 2
1Y 1y oj
+<1_H)11+(1 —E)Iﬁj;?.
H(X) =h+ B11(0) + fala(t) + 11 (57)

+ Bip1S(O11 (1) + Boq1 S() (1)
+(u+vy)+pB1SHI11(2)
+ BogS(OL (D) +y E(H) + (¢ + 1+ 81)

+d (1 —r) L1 (1) + (u+82) L (1) + oralh (1)

A
B1SOI (D) + B SO (1) + uS(t) + S +(u+y)E®)
1 1
+Eﬂ1P15(l)11 1+ EﬂzéhS(l)Iz(t) +(@+u+81)11(0)

1 1
+pB1S(0) + Eﬁzqs(l)fz(l) + EVE(I)

1
+ (u+82) (1) +ralr (1) + E(ﬁ(l —rpIi(0)

o2

J
+Z >
j=1
<A+3pu+y+o+8 =0
and
4

H(X)=0dt+ ) 0j(x;—1)dB;(). (58)
j=1
By taking integration from 0 to ©; A W, we have
AW
E[HurX)|<HXW))+E f 61, (59)
0

<HXWy))+0W.

Setting IT; = {W > t;} for /; <[ and thus P (I1;) > ¢.
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Notting that for V2 € IT;, there must exist at least one X (;, w) which is equal to % or /. Then
[—logl—1 or %—i—logl—l as result

(%—Hogl—l)/\E(l—logl—l)<ﬁ(X(n)). (60)

From above, we can write

H(X(W1)+6W > E(ln,H(X (1)), (61)
>0 [(Z—logl— DA <%+logl—l)].

Here 1p, is the indicator function of IT. Thus llim leads
— 00

0o > H(X(W2)) +0W =0. (62)
It is a contradiction. So under the conditions gived earlier 7o, = oo which completes the proof.

4 Numerical Schemes for Model with Four Waves Patterns

In this section, we generate a numerical schemes for spread of infectious (specially for pan-
demic) disease with four patterns. These schemes will consist of three derivatives with randomness
[1,12].

4.1 Case 1: Classical-Power Law-Exponential Decay Law-Randomness

In this case, we consider a version with four waves which have classical derivative starts from
0 to Wi, the power law derivative start from W to W>, the exponential decay law derivative start
from W, to W3, and the last from W3 to W. So a piecewise mathematical system that is defined
as subsection can be given as

d .

i=g(t,y), if 0<r< W

dt

vi(0) =0, i=1,2,....n

zCID(tyyz:g(l,y), if Wi<t<Ww,
JyilW) =yia, O<a<l,i=1,2,...,n ©3)
o DY yi=g(L,y), if Wa<t<Ws

yi(W2) =yio, O<a<l,i=1,2,...,n

dy(t) = g(t,y)dt + 01y:dBi(t), if W3<t<W

Yi(W3) =y;3, i=1,2,....n

where o; are densities of randomness and B; are the functions of noise.
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4.2 Case 2: Classical-Power Law-Mittag-Leffler Law-Randomness

In this case, we consider a version with four waves which have classical derivative starts from
0 to Wi, the power law derivative start from W; to W), the Mittag-Leffler law derivative start
from W, to W3, and the last from W3 to W. So a piecewise mathematical system that is defined
as subsection can be given as

d .

i=g(t,y), if0<t< W

dt

vi(0) =yio, i=1,2,....n

ED?yl:g(tay)a if Wl <t< W2
‘yi(Wl):)’i,la 0<(X§1,i=1,2,...,n’ 64)
ABCDy; = g(1, ), if Wh<t<W;

yiW2) =yin, O<a<l,i=1,2,...,n

dy() =g(t,y)dt +o0iyidBi(1), if Wi3<t<W

YiltW3) =yi3 i=1,2,....n

where o; are densities of randomness and B; are the functions of noise.

4.3 Case 3: Classical-Power Law-Fractal-Fractional Power Law Derivative-Randomness

In this case, we consider a version with four waves which have classical derivative starts from
0 to Wi, the power law derivative start from W to W>, fractal-fractional power law derivative
start from W, to W3, and the last from W3 to W. So a piecewise mathematical system that is
defined as subsection can be given as

d .

el =g(,y), if0<t<Ww;

dt

vi(0) =0, i=1,2,....n

zCID(tyyz:g(l,y), if Wi<t<Ww,

yilW) =yiz, 0<Ol§1,i=l,2,...,n’ ©5
PEP P yi = g (1, ), if Wy<t<Ws

YitW2) =yia, O<a<l,i=1,2,...,n

dy(t) = g(t,y)dt + 01y:dBi(t), if W3<t<W

YiltW3) =yi3 i=1,2,...,n

where o; are densities of randomness and B; are the functions of noise.
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4.4 Case 4: Classical-Exponential Decay Law-Fractal-Fractional Exponential Decay Law
Derivative-Randomness
In this case, we consider a version with four waves which have classical derivative starts
from 0 to Wp, the exponential decay law derivative start from W; to W,, fractal-fractional
exponential decay law derivative start from W, to W3, and the last from W3 to W. So a piecewise
mathematical system that is defined as subsection can be given as

d .

i ey, it0<r<mw

dt

i(0) =y;o0, i=1,2,....n

FD2yi=g(1,), if Wi<t<W,

yilW) =yiu, O<a<l,i=1,2,....n .
FEEDSP yi = g(1,y), if Wy <1< Ws

yitW2) =yio, O<a<l,i=1,2,...,n

dy(t) =g(t,y)dt +0;y;dB;(t), if W3<t<W

YilW3) =yi3 i=1,2,....n

where o; are densities of randomness and B; are the functions of noise.

4.5 Case 5: Classical-Mittag-Leffler Law-Fractal-Fractional Mittag-Leffler Law
Derivative-Randomness
In this case, we consider a version with four waves which have classical derivative starts from
0 to W1, the Mittag Leffler law derivative start from W; to W>, fractal-fractional Mittag-Leffler
law derivative start from W, to W3, and the last from W3 to W. So a piecewise mathematical
system that is defined as subsection can be given as

dyi

—=g(,y), if 0<t< W

7 gty it 0<r<W

vi(0) =0, i=1,2,....n

ABCpey; = g(t,y), if Wi<t<W,

YilWwy) =y, O<a<l,i=1,2,...,n ©7)
FEM Dy = g (1, y), it Wy<i< W

YiltW2) = yio, O<a<l,i=1,2,....n

dy(t) =g(t,y)dt +0;yidBi(1), if Wy<t<W

yilW3) =yi3 i=1,2,...,n

where o; are densities of randomness and B; are the functions of noise.
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5 Numerical Schemes of Piecewise Epidemic Disease Models with Four Waves Patterns

In this section we assumed that those kind of epidemic models satisfy existence and unique-
ness. So we can put numerical solutions for them. While putting solution results we use in all
cases on the Lagrange polynomial interpolation. First we divide [0, W] in four

O<to<t1 <..<ty =W1=<tln, <ty <..ZIln,=W (68)

= Zn2+1 = t112+2 =<..= tn3 = W3 = Zn3+1 = tn3+2 =<..= tn3 =W.

5.1 Numerical Method for Case 1:
Let us consider the first case

ilyl—g(ty), if0<i<w,

vi(0) =yio, i=1,2,...,n

DYy =g(t,y), it Wy<t<Ww,
4yi(Wl)=yi,1, O<a<l,i=1,2,...,n ©9)
SEDYyi=g(t,), if Wy <1< Ws

YiltWa) = yio, O<a<l,i=1,2,...,n

dy(t) = g(t,y)dt + 01y:dBi(t), if W3<t<W

yitWs) =yi3 i=1,2,...,n

The numerical solution can then be provided as

ni

3AtL At
y?l =yl(0) +k2.+1 {Tg(tklay(tkl)) _g(tkl—lay(tkl—l))T} ) 0 <I= Wl
1=1

WP =y (W) 4 =2 nzzgak Wt
! ’ Ml@+2) R

=k +D%(mp —kp +2+a)
Wi<t<w,
—(ny— k) (ny —ky +24+2a)

(my — ky + 1! }
—(ny—k)*(m—ky+1+a)

(An*
F(a+2) Zg(tkz 1, V(g —1)) X |:
n3

1
_yl(WZ) + Wa) Z [g(tk3ay(tk3)) _g(tk3—1ay(tk3—l))] (70)
=0

n3

o 3At A
+M(a)k20 {—2 8ty Y(tks)) —g(tk3—1,y(zk3_1>)7}, Wy<t<W;
=

e 2L (3Ar At
V= OV + Y gl (1) = k1 Yt -)) - Wast=W
kq=i+1

30 (S0 ) 3 (1)) (Bloen) ~ B ()}

k4 i+1
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5.2 Numerical Method for Case 2:
We deal with the following problem with second case

dyi .

— =g(,)), fO0<t<T
7 g(t,y) f0<r<T
vi(0) =y, i=1,2,...,n
SDYyi=g(Ly), i Ty <i<T»

(T =i <l1,i=1,2,...
JyiTy) =i, 0<ac<l,i=1,2, n an
2BCDYyi=2(1,y), if Th<t<Ts
Yi(T2) = yip, O<a<l,i=1,2,....n
dy() =g(t,y)dt +o0iyidBi(r), if T3<t<T
Yi(13) =yi3 i=1,2,...,n

The numerical solution for such problem is given by

ni

W =ni0+ Y [ e ) — gl 1y, 0=

k1=i+1
n (ADY & (ny—ka+ 1% (m—ka +2+a)
.2: i W s < W
yir =il 1H—F( Zg(tkz > |:_(n2—k2)a(n2—k2+2+2a) ==
(AN (my — ky + 1) !
L, P(t
F<a+2>zg( VMl [—(nz—kz)“(nz—k2+1+a)
Vi =yi(Wa) + Y B( )f<rk3,y(zk3>>
1 a (AD® ig(l Jt)) x (3 —k3+1)* (n3—k3+2+a) I
AB(“)F(“"‘z) a2 —(n3 —k3)* (n3 — k3 + 2+ 2a) =
AL n3
%Zm@ 1Mt -0) X [ (13 = s + D = 03 = ka)* (3 = ks + 1+ @),

ny - 3A At
W=y + ) 7g<tk4,y(zk4>>—g<zk4_1,y<zk4_1))7 Wi<t<W
kg=i+1
ng

+ > { Y (tigs1) +y (tr,)) (B(tk4+1)_B(tk4))}'

k4 i+1

(72)
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5.3 Numerical Method for Case 3:
Now we deal with the following problem with third case

d .

il =g(,y), if 0<t< W

dt

vi(0) =yio, i=1,2,...,n

CDYyi=g(t.y), it Wy <1< W,

yitW) =yi1, O<(x§1,i=1,2,...,n' 73)
PP Dy = g(1,y), it Wy <1< W

yitW2) =yin, O<a<l,i=1,2,...,n

dy() =g(t,y)dt +o0;yidBi(t), if W3<t<W

YilW3) =yi3 i=1,2,....n

The numerical solution for such problem is given by

ny

3At At
y:llzyl(o)+ Z {Tg(tklay(tkl))_g(tkl—lay(tkl—l))T}a OSIS Wl
k1=i+1

- 4 B0 (A Z o)) (my—ka+1)*(my—ko+2+a) W<
=Y . X =l =
Vi =V T R +2) S e k) (o — ey + 2+ 200) ?
(ADY & (ny — ky + 1)t }
T AN g(t - 5y(t — ))X s
F(Ol-i‘z)z b |:—(n2—k2)“(n2—k2+1+a)

13 () i ( ) (n3—k3+1D)*m—k3+2+a) - -
B — + ¢ tieas V(1 <t<
Yo mIR F( +2) ¢ oI —(n3 —k3)* (n3 — k3 +2+2a) ’
B (AD)* (n3 — k3 + 1)**! }

t g(t —1,V(lk3—1)) X
F(oz+2)Z ky—15 b A |:—(n3—k3)“(n3—k3+1+a)

3At
; ny Tg(tk4ay(tk4))
W=+ Y ac[ MrE1EW
k=it | =88 (=1, Y (y=1))

30 {0 )+ 1) (B )~ Ba )}

k4 i+1

(74)
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5.4 Numerical Method for Case 4:
Here, we deal with the following problem with fourth case

d .

i=g(l,y), if0<t< W,

dt

vi(0) =y, i=1,2,...,n
ED¥yi=g(1,), if Wy <1< W,

yilWh) =iz, O<ax<l,i=1,2,...,n
FEEDYP yi = g(1,y), if Wy <1< Ws

yi(W2) =yio, O<a<l1li=1,2,...,n
dy(t) = g(t,y)dt +0;y;dB;(t), if W3<t<W,
YilW3) =y;3 i=1,2,....,n

The numerical solution for such problem is given by

ni

At At
y?1=y1(0)+ Z {Tg(tklay(tkl))_g(tkl—lay(tkl—l))j}a Oftf Wl

Vi =yi(W)+ M) Z [8tys ¥(11))) = 8ty =1, Y1) W1 <1< W
ka=0
@ & [3Ar At
+Wk22:0 =58ty $ (1) = 8(thy—1. Yty -1) - 1
3 l—a n T, et p—1
Vi :yi(WZ)"'WZ['B% g(tk3,y(fk3))—,Btk3_1g(tk3—1,y(fk3—1))] Wry<t<W;
k3=0
n3
o 3At p—1 p—1 At
— Bt tiys V(i) — Bt =1,V (tis—1)) = [ »
+M(a)k32:0{ 5Bl &tk Y1) = Blic, 18tk —1, 1 (txs 1) 2}
=y (W S E _ At
V= OV + Y 1 8k (1) = k1 o) W3t W
ka=i+1

+ f: {% (0 (tkgr1) + (1)) (B (thy+1) — B (Z"“))} '

k4=i+1
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(75)

(76)
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6 Numerical Method for Case 5:

Finally, we give numerical method with the following problem with fifth case:

dy,

=g(t, if 0<t< W

o =g(t,y), if 0<t=<W

yl(o):yi,(): i=1,2,...,}’l

ABC Dy = g(t,y), if Wy <1< W,
<Yi(W1)=Yi,la O<a<l, i=1,2,...,n‘ an
PEM Dy = g(t,y), if Wy <1< W;

YiltW2) = yi», O<a<li=1,2,....n

dy(t) =g(t,y)dt+0;yidBi(t), if Wy<t<W

yitW3) =yi3 i=1,2,...,n

The numerical solution for such problem is given by

n

3At At
Vit =2i(0) + Z {Tg(tklay(tkl))_g(tkl—lay(tkl—l))T}, 0<t=<wW

kl_li-Fl
_yl(W1)+AB( )g(tnzay(tnz))

a (AD* Z G 7)) (m—k+1D)*(m—k+2+a) -
= AT ) X <i=
AB@T(@+2) e85 e ka4 2420) | ?

AD)®
ng(% 15V (they— 1))><[(nz—/’€2-|-1)0”rl (n2 — kp)* (nz—k2+1+06)]
11—
4yi :yi(W2)+AB( )tn3 g(tn3aY(tn3)) Wr<t<Wj (78)
AN 3 —ks+ D% (3 — k3 +2+a)
. Zt g (11, (113))
()T (a +2) —(n3 —k3)* (n3 — k3 + 2+ 2a)
@B (AD)® ”3 - (13 — k3 + 1)
_— L1, V(2
AB(a)F(oz+2)k3 LS 18( ot - 1))X|:—(n3—163)0[(113—k3—i-1-1—04)
; 2 (3A1 At
yi4:yi(W3)+ Z {Tg(tk4ay(tk4))_g(tk4—1ay(tk4—l))7} W3SZSW
k4 i+1
o3 {20 ) () (B )~ B (s
kq=i+1

6.1 Numerical Simulation for Stochastic-Deterministic Model of Tuberculosis
In this section, we give numerical simulation of the Tuberculosis epidemic system of fractional
stochastic differential equations. We have made use of the model with the piecewise differential
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operators and the numerical scheme where the Lagrange polynomial interpolation is used. While
modelling with piecewise idea, the first part is classical, the second part is fractional and last part
is stochastic. The numerical simulation is performed for different values of fractional orders. So
the stochastic-deterministic piecewise tuberculosis model is given as

das
% =A—B1SO (1) — B2S(O L (t) — nS(0),
dE
dit) = Pip1SOI1 (1) — Boq1 S(V D (D) — (n+ ) E(1),

dl i
clzft) — pBISOL (1) + gBaSOL(D + yEW) — (b +u+s) L (p, 1 OSI=W (79

dl (¢
fzf L= (=B (0 = (482 () — graa(0),

S0)=Sy, EW0)=E), L=l ©5(0)=1Iy,

CDES() =1 — BIS(IV1 (1) — BaS() [ (1) — uS(1),

SDYE(D) = Bip1 SO (1) — a1 SO L (1) — (u+y) E(0),

SDYNL(D =pBiSOL (1) +qBSOL (D) +yEM) — (9 +u+8) L1 (), if Wi <t=W> (80)
ADIL(0) = ¢ (1 —rDI(0) = (k+82) L(1) — era by (1),

SWy =81, EWy)=E, LW)=hi, bL(W)=D5n,

dS(t) =[r = 1S (1) — B2S() (1) — uS(H)]dt + 01 SdB (1),

|:,31PIS(t)Il (- ﬂzchS(t)Iz(t)}
dE(t) = dt + oy EdB> (1),
—(n+y)EQ®
S (1) +gB S L () + yE(?) .
dl (1) = [pﬂl 1 12508 i’ }dl+a311dB3(t), if Wy<t<Ww. (81)
—(@+u+81) (2
[(l)(l — I () — (u +52)12(l)}
dl (1) = dt + o41rdBy(1),
—ryD (1)

S(Wy) =S8, EWr))=E, §L(W)=1I) LW =ID,
For simplicity we consider right side of system as
S=/1(S,E. 1.,
E=f,(S,E. I, 1),
: (82)
L =/f3(S,E, 11,I2),

L=fi(S,E. 1,1,
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Using the numerical scheme presented in this paper with piecewise derivative, the numerical

solution of the stochastic-deterministic tuberculosis model is given as follows:
n

3A A
=50+ Y {T’fl(tkl,sakln —f1<zk11,S<zk11>>71}, 0<r=w

ki=i+1
AN 2 (m—lky+ 1% (2 —ka+2+a)
=S + =2 S £, S(1)) x W<t W)
Mo +2) Jy=0 —(my —k2)* (ny —ky + 2+ 2a)

Zfl (tky—1, S(tgy—1)) X

- (Al)a ny (nz _ kz + 1)a+1
F((X +2) k=0

—(my — k) —ky+1+a) |

3At
3 Tfl (Zk39 S(lkg))
SP =S+ ) Wr<t<W

ka=it+1 —fl(fkrlaS(flq—l))?
+ Z { S (ths+1) + S (trs)) (B(fk3+1)—3(fk3))}»
ky=i+1

n

. 3A A
E" = E;(0) + Z {Tlfz(lkl,E(l/q)) —fz(lk1—1,E(l/q—1))7l}, 0<t< W

k1=i+1
n AD* m—lk+D*n—kr+2+a)
Ei2 =E (W) 4+ ——— (A7) Zfz([kz,E(lkz)) X , Ti<t<T
G 2) —(ny —k2)* (ny — ko + 2+ 2w)

(An*
T@+2); Zfz(l"z 1> Bl 1))><[

"3 7f2(1k3,E(1k3))
EP=EW)+ ) Wr<t<W.

ky=i+1 _f2(lk3—19E(Zk3—1))7

+ Z { lk3+1 +E (Z/Q)) (B (lk3+1) - B (lkB))}

ky=i+1

(2 — ky + 1)**! ]
—(m—k)*(m—ky+14+a)

ni
n 3At At
I =hi0)+ Y {Tfs(rkl,h(zkl»—fs(rkl1,11(zk11)>7}, 0<i<W,
ky=i+1
(AL)® (m—lky+ D)%y —ky+2+4+a)

)
(tky» 11 (2,))
F(onrZ),QZ:Of3 T X|:—(n2—k2)°‘(n2—k2—l—2+2(x)
(A & [(nz—/’chrl)o‘Jrl ]

17 =nhi(W) + ] Wi<t<W

_F(a +2) Zﬁ’(tkz*lall (try—1)) X

kr=0 —(m—k)*(my—ky+14+a)

3At
., "3 7f3(lk3,11 (tk3))
D =ni(W)+ Wr<t<W.
k3=i+1 _f3(tk371a11(fk3—1))7

+ Z { (D (tky11) + 11 (115)) (B(l’€3+1)_B(lk3))]’

k3 i+1

(83)
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ki=i+1

n AD®
1212 :I2i(W1) + FE :)_2) Zﬁl(lkz’lz([kz)) % |:

(An*
F(a+2) Zf4(fk2 1, Lty —1) ¥
= —f4(tk s I (ti3))
m=novp+ S {20

ky=i+1 —f4(lk3_1,12(lk3—1))7

+Z{

ky=i+1

7 Numerical Simulations

(m—lky+1D)*(m—ky+2+a)

—(my —k2)* (ny —ky + 2+ 20a)
o |:(n2 —ky+ 1! ]

CMES, 2022

i 3A1 At

] Wi<t<W,

—(m — k)% —ky+ 1 +a) |

Whr<t<W

(12 (k1) + 12 (113)) (B (ths11) = B (14s)) |

In this section, we will deal with numerical simulation of the Tuberculosis epidemic system
of fractional stochastic differential equations. in order to demonstrate that the proposed method
is effective and accurate. We have made use of the model with the piecewise differential operators
and the numerical scheme where the Lagrange polynomial interpolation is used. In the numerical
scheme, the first part is classical, the second part is fractional and last part is stochastic. We also
present the results obtained from the fractional stochastic model, the numerical simulations are
shown in Fig. 1 for alpha =1, Fig. 2 for alpha = 0.5, Fig. 3 for alpha = 0.6 and finally Fig. 4
for alpha = 0.9 with density of randomness given by sigmal = 0.01, sigma2 = 0.015, sigma3 =
0.012, sigma4 =0.010. And with same alpha values but different density of randomness given by
sigmal = 0.1, sigma2 = 0.2, sigma3 = 0.3, sigmad4 = 0.4 we put Figs. 5-8. Also figures including

the 1nitial conditions as

S(1)=180, E)=130, ILi(1)=160, I(1)=140.
700 F
S(t) S(t)
E(t) 600 - E(t) |
600 - — (1) | T 1)
12(t) 12(t)
500
500 [
400 400
300 - 300
200 200
¥
v k‘m b K
5 1 6 1 5 éo 25 50 35 40 5 10 15 20 25 30 35 40
time time

Figure 1: Numerical simulation for alpha=1

Figure 2: Numerical simulation for alpha=0.5
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700

600

500

400

300

200

100

5 10 15 20 25 30 35 40
time

Figure 3: Numerical simulation for alpha=0.6
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6000 |- 8

5000 [ J

4000

3000

2000

1000

o

20 40 60 80 100 120
time

Figure 5: Numerical simulation for alpha=1

7000 S(
E(

6000

5000 7

4000 8

3000 8

2000 ]

1000 B

20 40 60 80 100 120
time

Figure 7: Numerical simulation for alpha =0.6
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S(t)
E(t)
700 - —np| ]
12(t)
600 - 1

500 - 8

400 | ,

time

Figure 4: Numerical simulation for alpha=0.9
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2000 - ]

1500

1000 |-

500

20 40 60 80 100 120
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Figure 6: Numerical simulation for alpha=0.5
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1400

1200

1000

800

600

400
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Figure 8: Numerical simulation for alpha =0.9
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8 Conclusion

The spread of tuberculosis within human settlements and has infected and killed millions
of humans in the last 200 years. While researchers from all backgrounds have put their efforts
together to combat this virus and try to stop its spread, several studies have been performed;
however, the virus is still spreading so far. Mathematical models are used to predict the future
development of a given real-world problem. While several techniques and models have been
proposed, they have not predicted piecewise behaviors of the spread. In this work, we attempted
to present a model with piecewise patterns.
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