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The application of graph theory in the study of molecular physical and chemical properties involves theoretical mathematical
chemistry. Atoms, represented by vertices, and edges, represented by bonds between them, are detailed in simple graphs called
chemical graphs. The mathematical derivation of the numerical value of a graph is called the molecular descriptor of the
graph. Any connected graph wherein no edge is contained in exclusive of a single cycle is called a cactus graph. In the research
in this article, expressions for various molecular descriptors of line graph of the graph obtained by the rooted product of the
cycle and path graphs are constructed. This article obtained the calculation of molecular descriptors for line graphs of chain
ortho cactus and chain para cactus graphs. To predict the biological activity of a compound, the generalized Zagreb index, the
first Zagreb index M1ðGÞ, the second Zagreb index M2ðGÞ, the F-index, the general Randic index, the symmetric division, the
atom bond connectivity (ABC), and the geometric arithmetic (GA) descriptors are created.

1. Introduction

The branch of mathematical chemistry that relates to other
sciences, engineering, and especially chemistry is called
chemical graph theory. An ordered pair of a couple of sets
ðVðGÞ, EðGÞÞ, where ðVðGÞÞ is called the set of vertices
and EðGÞ the set of edges, constitutes the graph G. The num-
ber of vertices of a graph apart from the vertex v that are
incident on v is a natural number that is termed as the
degree of the veterx v denoted by dv or dGðvÞ. A graph
obtained by some other graph wherein the vertices of the
resulting graph are edges of the original graph G is called a
line graph LðGÞ of the original graph G. The number math-
ematically determined by the graph is called the topological
index of the graph, and this number remains constant for
isomorphic graphs. Lately, many researchers have discov-
ered quite a few number of molecular descriptors that cover

a wide range of chemistry applications and cover biochemis-
try, medicine, and other fields to theoretically understand
the physicochemical properties of chemical compounds.
The blocks of a chain cactus graph can either be edges or
cycles. If all the blocks of a chain cactus graph are triangular,
then it will be termed as a triangular cactus graph. Chain
square cactus graphs are those in which the triangles in the
chain have been replaced with cycles of length 4. The artic-
ulation points in case of ortho chain square cactus are con-
tiguous as against para chain square cactus wherein the
articulation points are not contiguous. Sadeghieh et al. [1]
performed a derivation of Hosoya polynomial of quite a
few chain cactus and studied quite a few molecular descrip-
tor in [1]lately. For further research on cactus diagrams, we
kindly refer the reader to [2–5] This article examines the
mathematical properties of the general Zagreb indices and
their special cases of the line diagrams of ortho cactus and
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para cactus chains, such as the line graph of the triangular
chain cactus LðTnÞ, the line graph of the square chain cactus
LðSqÞ, and the hexagonal chain cactus LðHoÞ are considered
in the document. This article derives some expressions for
molecular descriptors based on graph vertex degrees, such
as the general Zagreb index, the F-index, the redefined
Zagreb index, the first Zagreb index, the second Zagreb
index, the general Randic index, and the symmetric division
index.

M1 Gð Þ = 〠
v∈V Gð Þ

dG vð Þ2 = 〠
uv∈E Gð Þ

dG uð Þ + dG vð Þ½ �: ð1Þ

M2 Gð Þ = 〠
uv∈E Gð Þ

dG uð ÞdG vð Þ: ð2Þ

In the same paper [6], the “forgotten topological index”
or F-index was defined as

F Gð Þ = 〠
v∈V Gð Þ

dG vð Þ3 = 〠
uv∈E Gð Þ

dG uð Þ2 + dG vð Þ2� � ð3Þ

In 2003, Ranjini et al. redefined the Zagreb index in [7]
and is defined as

ReZM Gð Þ = 〠
uv∈E Gð Þ

dG uð ÞdG vð Þ dG uð Þ + dG vð Þ½ �: ð4Þ

The symmetric division index of a graph is defined as

SDD Gð Þ = 〠
uv∈E Gð Þ

dG uð Þ
dG vð Þ + dG vð Þ

dG uð Þ
� �

: ð5Þ

For further study about indices index, we refer [7–9]. In
2011, Azari et al. introduced a generalized version of vertex
degree-based topological index, named as generalized
Zagreb index or the (a, b)-Zagreb index and is defined as

Za,b Gð Þ = 〠
uv∈E Gð Þ

dG uð ÞadG vð Þb + dG uð ÞbdG vð Þa
� �

: ð6Þ

We refer [7–11] for further study about different indices.
It is clear that all the topological indices discussed previ-

ously, can be obtained from (a, b)-Zagreb index for some
particular values of a and b.

2. Main Results

In this section, we consider line graph of para cacti chain,
ortho cacti chain, and rooted product of cycle and path.
We first take a line graph of para cacti chain of cycles Cp

of length q. Suppose line graph of para cacti chain is denoted
by LðCq

pÞ. In our first theorem, we calculate an exact result of
general Zagreb index of line graph of para cacti chain LðCq

pÞ.

Theorem 1. Let LðCq
pÞ be the line graph of para cacti chain of

cycles for p ≥ 4, q ≥ 2. Then ZðxyÞ½LðCq
pÞ� = ðp − 3Þ2x+y+2 +

ðp − 2Þ½2x+2y+1 + 22x+y+1� + ðpq − 4p + 4q + 6Þ22ðx+yÞ:

Proof. The order and size of line graph of para cacti chain of
cycles LðCq

pÞ are p,q, and pq + 4q − 4. The edge set of LðCq
pÞ

can be partitioned into subsets given in

E1L Cq
p

� 	
= e1 = ab ; dL að Þ = dL bð Þ = 2f g:

E2L Cq
p

� 	
= e2 = cd ; dL cð Þ = 2, dð Þ = 4f g:

E3L Cq
p

� 	
= e3 = ef ; dL eð Þ = dL fð Þ = 4f g:

ð7Þ

where the number of elements of E1LðCq
pÞ, E2LðCq

pÞ, and
E3LðCq

pÞ are 2m − 6, 2m − 4, and mn − 4m + 4n + 6,
respectively.

From the definition of general Zagreb index, we have

Z x,yð Þ L Cq
p

� 	� �
= 〠

lm∈E L Cq
pð Þ½ �

dL lð Þx:dL mð Þy + dL lð Þy:dL mð Þx

= 〠
lm∈E1 L Cq

pð Þ½ �
2x:2y + 2y:2xð Þ

+ 〠
lm∈E2 L Cq

pð Þ½ �
2x:4y + 2y:4xð Þ

+ 〠
lm∈E3 L Cq

pð Þ½ �
4x:4y + 4y:4xð Þ

= 2p − 6ð Þ 2x:2y + 2y:2xð Þ + 2p − 4ð Þ 2x:4y + 2y:4xð Þ
+ pq − 4p + 4q + 6ð Þ 4x:4y + 4y:4xð Þ

= 2 p − 3ð Þ 2:2x+yð Þ + 2 p − 2ð Þ 2x+2y + 22x+y
� 	

+ pq − 4p + 4q + 6ð Þ 22 x+yð Þ
� �

Z x,yð Þ L Cq
p

� 	� �
= p − 3ð Þ 2x+y+2

� 	
+ p − 2ð Þ 2x+2y+1

� 	
+ p − 2ð Þ 22x+y+1

� 	
+ pq − 4p + 4q + 6ð Þ 22x+2y

� 	
:

ð8Þ

Corollary 2. Let LðCq
pÞ be the line graph of para cacti chain of

cycles for ðm ≥ 3, n ≥ 2Þ: Then

(1) Z1½LðCq
pÞ� = Zð1,0Þ½LðCq

pÞ� = 4pq − 4q + 16q − 24,

(2) Z2½LðCq
pÞ� = 1/2Zð1,1Þ½LðCq

pÞ� = 8ðpq − q + 4q − 1Þ,
(3) F½LðCq

pÞ� = Zð2,0Þ½LðCq
pÞ� = 8ð2pq − p + 8q − 4Þ,

(4) RZ½LðCq
pÞ� = Zð2,0Þ½LðCq

pÞ� = 32ð2pq − 4q + 8q + 3Þ,
(5) SD½LðCq

pÞ� = Zð1,−1Þ½LðCq
pÞ� = pq + 5p + 5q − 14.

The expressions for different indices about line graph of
para squares cactus chain LðSqÞ can be obtained from Theo-
rem 1 by taking p = 4 The representation of LðSqÞ is shown
in Figure 1.
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Corollary 3. Let LðSqÞ be the line graph of para chain square
cactus graph for q ≥ 2

Z x,yð Þ L Sq
� 	� �

= 2x+y+2 + 2 22x+y+1 + 22x+2y+1
� 	

+ 8q − 10ð Þ22 x+yð Þ

ð9Þ

Proof. If we take p = 4 in Theorem 1, we have our this
result.

From Corollary 3, the result obtained for line graph of
para chain square cactus is q ≥ 2.

Corollary 4. Let LðSqÞ be the line graph of para chain square
cactus for q ≥ 2. Then

(1) Z1½LðSqÞ� = Zð1,0Þ½LðsqÞ� = 8ð4q − 5Þ,
(2) Z2½LðSqÞ� = 1/2Zð1,1Þ½LðsqÞ� = 8ð8q − 5Þ,
(3) F½LðSqÞ� = Zð2,0Þ½LðsqÞ� = 64ð2q − 1Þ,
(4) RZ½LðSqÞ� = Zð2,1Þ½LðsqÞ� = 32½16q − 9�,
(5) SD½LðSqÞ� = Zð1,−1Þ½LðsqÞ� = 9q + 6.

The generalized Zagreb index of line graph of para chain
hexagenal cactus LðHqÞ can be obtained from the theorem 1
by putting p = 6. The line graph of para chain hexagonal cac-
tus is shown in Figure 2 .From the general result, the follow-
ing are topological indices for line graph of para chain
hexagonal cactus for q ≥ 3.

Corollary 5. Let LðHqÞ be the line graph of para chain hexag-
onal cactus for q ≥ 3: Then

Z x,yð Þ L Hq

� 	� �
= 3:2x+y+2 + 4 2x+2y+1 + 22x+y+1

� 	
+ 10q − 18ð Þ22 x+yð Þ:

ð10Þ

Corollary 6. Let LðHqÞ be the line graph of para chain hexag-
onal cactus for q ≥ 3: Then

(1) Z1½LðHqÞ� = Zð1,0Þ½LðHqÞ� = 8ð5q − 6Þ,
(2) Z2½LðHqÞ� = 1/2Zð1,1Þ½LðHqÞ� = 8ð10q − 7Þ,
(3) F½LðHqÞ� = Zð2,0Þ½LðHqÞ� = 80ð2q − 1Þ,
(4) RZ½LðHqÞ� = Zð2,1Þ½LðHqÞ� = 32½20q − 21�,
(5) SD½LðSqÞ� = Zð1,−1Þ½LðHqÞ� = 11q + 16.

Theorem 7. LðCq
pÞ is the line graph of para chain cactus ðCq

pÞ
with q cycles and p vertices. Then

(i) General Randic index

Rα L Cq
p

� 	� �
= 4α 2p − 6 + 2α+1 p − 2ð Þ + 4α pq − 4p + 4q + 6ð Þ� �

ð11Þ

(ii) Atom bond connectivity index

u1 u3 u5 u7 u9 u11

u2 u4 u6 u8 u10 u12

Figure 1: Line graph of para chain square cactus LðSq:Þ:

V3

V5 V7

V9

V11 V13

V14
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V17
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V1

V2

V4
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V12

Figure 2: Line graph of para chain hexagonal cactus LðHqÞ.
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ABC L Cq
p

� 	
=

ffiffiffi
2

p
2p − 5ð Þ +

ffiffiffi
3
8

r
pq − 4p + 4q + 6ð Þ

"
ð12Þ

(iii) Geometric arithmetic (GA) index

GA L Cq
p

� 	� �
= pq − 2p + 4q + 4

ffiffiffi
2

p

3
p − 2ð Þ ð13Þ

(iv) Harmonic indexH½LðCq
pÞ� = ðpq/4Þ + ðp/3Þ + q − 13/6

Proof. Edge partition of LðCq
pÞ is the same as the in Theorem 1.

(i) General Randic index

Rα Gð Þ = 〠
uv∈E Gð Þ

du:dvð Þα,

Rα L Cq
p

� 	� �
= 2 p − 3ð Þ 2:2ð Þα + 2 p − 2ð Þ 2:4ð Þα

+ pq − 4p + 4q + 6ð Þ 4:4ð Þα
= 4α 2p − 6 + 2α+1 p − 2ð Þ + 4α pq − 4p + 4q + 6ð Þ� �

:

ð14Þ

(ii) Using

ABC Gð Þ = 〠
uv∈G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
du + dv − 2

dudv

r
: ð15Þ

We have

ABC L Cq
p

� 	� �
= 2 p − 3ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 + 2 − 2
2 × 2

r
+ 2 p − 2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 + 4 − 2
2 × 4

r

+ pq − 4p + 4q + 6ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 + 4 − 2
4 × 4

r
=

ffiffiffi
2

p
p − 3ð Þ

+
ffiffiffi
2

p
p − 2ð Þ + pq − 4p + 4q + 6ð Þ

ffiffiffi
3
8

r

=
ffiffiffi
2

p
2p − 5ð Þ +

ffiffiffi
3
8

r
pq − 4p + 4q + 6ð Þ:

ð16Þ

(iii) Formula for geometric arithmetic index

GA Gð Þ = 〠
uv∈E Gð Þ

2
ffiffiffiffiffiffiffiffiffiffi
dudv

p

du + dv
: ð17Þ

We have

GA L Cq
p

� 	� �
= 2 p − 3ð Þ 2

ffiffiffiffiffiffiffiffiffiffi
2 × 2

p

2 + 2 + 2 p − 2ð Þ2
ffiffiffiffiffiffiffiffiffiffi
2 × 4

p

2 + 4

+ pq − 4p + 4q + 6ð Þ
ffiffiffi
2

p
4 × 4

4 + 4

= 2 p − 3ð Þ + 4
ffiffiffi
2

p

3 p − 2ð Þ + pq − 4p + 4q

+ 6 = pq − 2p + 4q + 4
ffiffiffi
2

p

3 p − 2ð Þ:

ð18Þ

(iv) Harmonic index

H Gð Þ = 〠
uv∈E Gð Þ

2
du + dv

H L Cq
p

� 	� �
= 2 p − 3ð Þ 2

2 + 2

+ 2 p − 2ð Þ 2
2 + 4 + pq − 4p + 4q + 6ð Þ 2

4 + 4 p − 3

+ p − 2
3 + 1

4 pq − 4p + 4q + 6ð Þ = 1
4 pq + p + p

3
− p + q − 3 − 2

3 + 3
2 = 1

4 pq +
p
3 + q −

13
6 :

ð19Þ

Next, when cut vertices are adjacent, then such type
of chain is said to be ortho chain cactus. Suppose ortho
chain cactus is represented by On

m, where m is length of
each cycle and n is length of chain. LðOn

mÞ is line graph
of ortho chain cactus. Number of vertices and edge of
LðOn

mÞ are mn and mn + 4n − 4. In next two theorems,
we find different topological indices for line graph of
ortho.chain cactus.

Theorem 8. Let LðOn
mÞ be the line graph of ortho chain cactus

of cycles for m ≥ 3, n ≥ 2. Then

Z p,qð Þ L On
mð Þ½ � =m 2p+q+1 + 2p+2q+1 + 22p+q+1 + 22 p+qð Þ

� �
− 3:2p+q+1
� 	

− 2p+2q+1 + 22p+q+1
� 	

+ n:22 p+qð Þ + mn − 5m + 3n + 4ð Þ
� 22p+q:3q + 3p:22q+p
� 	

:

ð20Þ

Proof. Partition of edge set of LðOn
mÞ is given

E1 L On
mð Þ½ � = a = uv ; du = dv = 2f g,

E2 L On
mð Þ½ � = b = uv ; du = 2, dv = 4f g,

E3 L On
mð Þ½ � = c = uv ; du = dv = 4f g,

E4 L On
mð Þ½ � = d = uv ; du = 4, dv = 6f g,

ð21Þ

where the number of element in above sets are 2m − 6, 2m
− 2,m + n and mn − 5m + 3n + 4, respectively.
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From definition of Zagreb index

Z p,qð Þ L On
mð Þ½ � = 〠

uv∈E L On
mð Þ½ �

duð Þp dvð Þq + duð Þq dvð Þp� �
,

Z p,qð Þ L On
mð Þ½ � = 2m − 6ð Þ 2p:2q + 2q:2pð Þ + 2m − 2ð Þ

� 2p:4q + 2q:4pð Þ + m + nð Þ 4p:4q + 4q:4pð Þ
+ mn − 5m + 3n + 4ð Þ 4p:6q + 6p:4qð Þ

= 2 m − 3ð Þ 2p+qð Þ + 2 m − 1ð Þ 2p+2q + 22p+q
� 	

+ m + nð Þ22 p+qð Þ + mn − 5m + 3n + 4ð Þ
� 22p+q:3q + 3p:22q+p
� 	

=m 2p+q+1 + 2p+2q+1 + 22p+q+1 + 22 p+qð Þ
� �

− 3:2p+q+1 − 2p+2q+1 + 22p+q+1
� 	

+ n:22 p+qð Þ

+ mn − 5m + 3n + 4ð Þ 22p+q:3q + 3p:22q+p
� 	

ð22Þ

Corollary 9. LðOn
mÞ is the line graph of ortho chain cactus of

cycle for m ≥ 3, n ≥ 2. Then, first Zegred and second Zegreb
are forgotten. Redefined Zagreb and symmetric divisions indi-
ces are

(i) M1½LðOn
mÞ� = Zð1,0Þ½LðOn

mÞ� = 10mn − 30m + 34n +
16,

(ii) M2½LðOn
mÞ� = Zð1,1Þ½LðOn

mÞ� = 4ð3mn − 8m + 11n + 5Þ,
(iii) F½LðOn

mÞ� = Zð2,0Þ½LðOn
mÞ� = 4ð13mn − 49m + 43n +

61Þ,
(iv) ReZ½LðOn

mÞ� = Zð2,1Þ½LðOn
mÞ� = 16ð15mn − 64m + 49n

+ 51Þ,
(v) SD½LðOn

mÞ� = Zð1,−1Þ½LðOn
mÞ� = 1/6ð13mn − 17m + 39

n + 14Þ.

Now we consider line graph of triangular ortho chain
cactus shown in Figure 3 denoted by LðTnÞ

Corollary 10. LðTnÞ is line graph of triangular ortho chain
cactus of cycle with n ≥ 2

Z p,qð Þ L Tnð Þ½ � = 2p+2q+2 + 22p+q+2 + n + 3ð Þ22 p+qð Þ

+ 6n − 11ð Þ 22p+q:3q + 3p:2p+2q
� 	

:
ð23Þ

Proof. By putting m = 3 in Theorem 8, we get desired result.

Corollary 11. LðTnÞ is the line graph of triangular ortho
chain cactus of cycles with n ≥ 2; expressions for different
topological indices for LðTnÞ are given

(i) M1½LðTnÞ� = Zð1,0Þ½LðTnÞ� = 2ð32n − 37Þ,
(ii) M2½LðTnÞ� = Zð1,1Þ½LðTnÞ� = 16ð19n+−26Þ,
(iii) F½LðTnÞ� = Zð2,0Þ½LðTnÞ� = 4ð82n − 111Þ,
(iv) ReZ½LðTnÞ� = Zð2,1Þ½LðTnÞ� = 16ð94n − 141Þ
(v) SD½LðTnÞ� = Zð1,−1Þ½LðTnÞ� = 1/6ð84n − 65Þ.

Theorem 12. Let LðRCkPlÞ be the line graph of rooted product
of cycleCk of k vertices and path Pl of vertices l with k ≥ 3, l ≥ 4.
Then

G = Z a,bð Þ L RCkPlð Þ½ � = k 2a + 2b + m − 4ð Þ2a+b + 2a:3b
h

+ 2b:3a + 2 3a:4b + 3b:4a
� �

+ 4a+b
i

ð24Þ

Proof. Order and size of line graph of rooted product graph of
cycle and path are kl and kðl + 1Þ: Partition of edge set is as
under

E1 Gð Þ = v = ef ; d eð Þ = 1, d fð Þ = 2f g,
E2 Gð Þ = w = ef ; d eð Þ = d fð Þ = 2f g,
E3 Gð Þ = x = ef ; d eð Þ = 2, d fð Þ = 3f g,
E4 Gð Þ = y = ef ; d eð Þ = 3, d fð Þ = 4f g,
E5 Gð Þ = z = ef ; d eð Þ = d fð Þ = 4f g,

ð25Þ

where the number of elements in these sets are k, kðl − 4Þ, k, 2
k, k, respectively, using

Z a,bð Þ L RCkPlð Þ½ � = 〠
uv∈E Gð Þ

duð Þa dvð Þb + duð Þb dvð Þa
h i

= k 1a:2b + 1b:2a
� �

+ k l − 4ð Þ 2a:2b + 2b:2a
� �

+ k 2a:3b + 2b:3a
� �

+ 2k 3a:4b + 3b:4a
� �

+ k 4a:4b + 4b:4a
� �

= k 2a + 2b + m − 4ð Þ2a+b
h

+ 2a:3b + 2b:3a + 2 3a:4b + 3b:4a
� �

+ 4a+b
i
:

ð26Þ

W1

W2 W5 W8

W3 W4 W6 W7 W9

Figure 3: Line graph of triangular ortho chain cactus LðTnÞ.
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Corollary 13. G = LðZCkPlÞ is line graph of rooted product of
cycle Ck and path Pl expressions for first, second Zagreb, for-
gotten, redefined Zagreb, and symmetric division indices are

M1 G½ � = Z 1,0ð Þ Gð Þ = 2k l + 9ð Þ,

M2 G½ � = 1
2
Z 1,1ð Þ Gð Þ = 4k l + 16ð Þ,

F G½ � = Z 2,0ð Þ Gð Þ = 4k l + 17ð Þ,
ReZ G½ � = Z 2,1ð Þ Gð Þ = 4k 2l + 59ð Þ,

SD G½ � = Z 1,−1ð Þ Gð Þ = k
6

6l + 35ð Þ:

ð27Þ

3. Conclusion

In this study, the computation of the first Zagreb index, the
second Zagreb index, the F-index, the general Randic index,
and the redefined Zagreb index has been made, and their
comparisons have been drawn with their corresponding ða
, bÞ-Zagreb indices for the line graph of the graph obtained
by the rooted product of the cycle and the path graphs. A
few closed expressions for the general Zagreb index of the
line graph of some cactus chain graphs have also been
obtained in this research which has also led to some other
significant degree base molecular descriptors for some par-
ticular values of a and b. The Zagreb indices of line graphs
of some other graph structures can also be calculated for fur-
ther investigation.
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