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Abstract

We prove Baire’s theorem for fuzzy cone metric spaces in the sense of Oner et al. [T. Oner, M. B. Kandemir,
B. Tanay, J. Nonlinear Sci. Appl., 8 (2015), 610-616]. A necessary and sufficient condition for a fuzzy cone
metric space to be precompact is given. We also show that every separable fuzzy cone metric space is
second countable and that a subspace of a separable fuzzy cone metric space is separable. (©2016 All rights
reserved.
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1. Introduction

After Zadeh [I3] introduced the theory of fuzzy sets, many authors have introduced and studied several
notions of metric fuzziness ([2], [3], [4], [8], [9]) and metric cone fuzziness ([I], [L0] from different points of
view).

By modifying the concept of metric fuzziness introduced by George and Veeramani [4], Oner et al. [10]
studied the notion of fuzzy cone metric spaces. In particular, they proved that every fuzzy cone metric space
generates a Hausdorff first-countable topology.

Here we study further topological properties of these spaces whose fuzzy metric version can be found in
[4], [5] and [6]. We show that every closed ball is a closed set and prove Baire’s theorem for fuzzy cone metric
spaces. Moreover, we prove that a fuzzy cone metric space is precompact if and only if every sequence in
it has a Cauchy subsequence. Further, we show that X; x X5 is a complete fuzzy cone metric space if and
only if X1 and Xy are complete fuzzy cone metric spaces. Finally it is proven that every separable fuzzy
cone metric space is second countable and a subspace of a separable fuzzy cone metric space is separable.
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2. Preliminaries

Let E be a real Banach space, 6 the zero of E and P a subset of E. Then P is called a cone [7] if and
only if

1) P is closed, nonempty, and P # {6};

2) ifa,b € R, a,b>0and z,y € P, then ax + by € P,

3) if both x € P and —x € P, then x = 6.

Given a cone P, a partial ordering < on F with respect to P is defined by < y if only if y —x € P. The
notation x < y will stand for x <y and x # y, while x < y will stand for y — x € int (P) [7]. Throughout
this paper, we assume that all the cones have nonempty interiors.

There are two kinds of cones: normal and nonnormal ones. A cone P is called normal if there exists a
constant K > 1 such that for all ¢,s € E, § < ¢ < s implies ||t|| < K||s||, and the least positive number K
having this property is called normal constant of P [7]. It is clear that K > 1 [11].

According to [12], a binary operation x* : [0, 1] x [0, 1] — [0, 1] is a continuous ¢-norm if it satisfies:

1)
2) * is continuous;

3) ax1=aforalla€l0,1];

4) a*xb < cx*d whenever a <cand b<d, a,b,c,de[0,1].

% 18 associative and commutative;

In [10], we generalized the concept of fuzzy metric space of George and Veeramani by replacing the (0, co)
interval by int(P) where P is a cone as follows:

A fuzzy cone metric space is a 3-tuple (X, M, *) such that P is a cone of E, X is nonempty set, x is a
continuous t-norm and M is a fuzzy set on X2 x int (P) satisfying the following conditions, for all ,y,z € X
and t,s € int (P) (that ist >0, s > 6)

FCM1) M (z,y,t) > 0;

FCM2) M (z,y,t) =1 if and only if z = y;
FCM3) M (z,y,t) = M (y, z,t);

FCM4) M (z,y,t) * M (y,z,8) < M (z,z,t + s);
FCM5) M (z,y,.) :int (P) — [0, 1] is continuous.

If (X, M, %) is a fuzzy cone metric space, we will say that M is a fuzzy cone metric on X.

In [I0], it was proven that every fuzzy cone metric space (X, M, *) induces a Hausdorff first-countable
topology 7f. on X which has as a base the family of sets of the form {B(z,r,t) 12 € X,0 <r <1,t> 0},
where B(z,r,t) ={y € X : M(z,y,t) > 1 —r} for every r with 0 <r <1 and t > 6.

A fuzzy cone metric space (X, M, x) is called complete if every Cauchy sequence in it is convergent,
where a sequence {x,} is said to be a Cauchy sequence if for any ¢ € (0,1) and any ¢ > 0 there exists a
natural number ng such that M (z,, x,t) > 1 —¢ for all n,m > ng, and a sequence {z, } is said to converge
to x if for any t > 6 and any r € (0, 1) there exists a natural number ng such that M (z,,z,t) > 1 —r for
all n > no [I0].

A sequence {z,} converges to x if and only if lim M (x,,z,t) — 1 for each ¢ > 6 [10].

n—oo

3. Results

Definition 3.1. Let (X, M, ) be a fuzzy cone metric space. For t > 0, the closed ball B[z, r,t] with center
x and radius r € (0,1) is defined by Blx,r,t| ={y € X : M(z,y,t) >1—r}.

Lemma 3.2. Every closed ball in a fuzzy cone metric space (X, M, x) is a closed set.

Proof. Let y € B[z, r,t]. Since X is first countable, there exits a sequence {y,} in Bz, r,t] converging to y.
Therefore M (y,,y,t) converges to 1 for all ¢ > 6. For a given € > 0, we have

M(w7y7t+€) Z M(xvynvt) *M(yn7y7€)'
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Hence
M(z,y,t+¢€) > lim M(x,yp,t)* lim M(yn,y,e€)
n—o0 n—oo
>(1—-r)x1=1-r.
(If M (x,yn,t) is bounded, then the sequence {y,} has a subsequence, which we again denote by {y,}, for

which lim M(x,y,,t) exists.) In particular for n € N, take € = —. Then

n— o0 n

t

Hence .
M(l‘,y,t) > lim M(ZE,y,t‘{‘ *) >1-—r.
n—oo n
Thus y € Blx,r,t]. Therefore Blz,r,t] is a closed set. 0

Theorem 3.3 (Baire’s theorem). Let (X, M, *) be a complete fuzzy cone metric space. Then the intersection
of a countable number of dense open sets is dense.

Proof. Let X be the given complete fuzzy cone metric space, By a nonempty open set, and D1, Dy, D3, ...
dense open sets in X. Since D; is dense in X, we have BoN D7 # (). Let 1 € BoND;. Since ByND; is open,
there exist 0 < 71 < 1, 1 > 6 such that B (x1,71,t1) C BoN Dy. Choose 7} < r1 and ) = min {¢1,t1/ ||t1]|}
such that B [z1,7],t)] C BoND;. Let By = B (x1,r},t}). Since Dy is dense in X, we have By N Dy # (0. Let
x9 € B1N Dy. Since BN Dy is open, there exist 0 < 7o < 1/2 and to > 0 such that B (z2,72,t2) C By N Ds.
Choose 1y, < ro and th, = min {to,t2/2 ||t2]|} such that B [xe,rh,th] C By N Dy. Let By = B (xa,7h,t)).
Similarly proceeding by induction, we can find an z,, € B,_1 N D,,. Since B,_1 N D, is open, there exist
0 <ry<1/n,t, > 0 such that B (2,7, t,) C By—1ND,. Choose an !, < ry, and ¢, = min {t,,, t,/n ||t,||}
such that B [zy,7],t,] C Bp—1ND,. Let B, = B (zp,7),,t,,). Now we claim that {z,} is a Cauchy sequence.
For a given t > 6, 0 < ¢ < 1, choose an ng such that t/ng ||t|| < t,1/ng < e. Then for n > ng, m > n, we

have )

t
M(l‘naxﬂ’wt) Z M (xﬂﬁxn?n) Z 1—= Z 1—e.
no |||

S

Therefore {z,} is a Cauchy sequence. Since X is complete, z,, — x in X. But xp € B[zy,7,,t,] for all

k > n. Since B [zp, 1, 1,] is closed, x € B[y, 7),,t,] C By—1 N D, for all n. Therefore By N ((,—, Dn) # 0.
Hence (2, D, is dense in X. O

Definition 3.4. A fuzzy cone metric space (X, M, x) is called precompact if for each r, with 0 < r < 1, and
each ¢ > 0, there is a finite subset A of X, such that X = (J,c4 B (a,r,t). In this case, we say that M is a
precompact fuzzy cone metric on X.

Lemma 3.5. A fuzzy cone metric space is precompact if and only if every sequence has a Cauchy subse-
quence.

Proof. Suppose that (X, M, =) is a precompact fuzzy cone metric space. Let {x,} be a sequence in X.
For each m € N there is a finite subset A, of X such that X = {,c, B (a,1/m,to/m ||to]) where
to > 6 is a constant. Hence, for m = 1, there exists an a; € A; and a subsequence {xl(n)} of {z,}
such that z;(,) € B (a1, 1,t0/ [[to]|) for every n € N. Similarly, there exist an az € A and a subsequence
{$2(n)} of {xl(n)} such that wyp,) € B(ag, 1/2,t0/2 |[to]|) for every n € N. By continuing this process,
we get that for m € N, m > 1, there is an a,, € A,, and a subsequence {xm(n)} of {xm_l(n)} such that
Ty(n) € B (am, 1/m,to/m|[t]]) for every n € N. Now, consider the subsequence {x,,)} of {z,}. Given r
with 0 < 7 < 1 and ¢ > 6 there is an ng € N such that (1 — 1/ng) * (1 — 1/ng) > 1 —r and 2ty/ng ||to]| < t.
Then, for every k, m > ng, we have
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2t
M (Zp()s Tonmy, t) = M <$k(k)7xm(m)v - Ht0\|>

to to
=M <””’“<k>’“"°’ n Htou> =M (“”O’f”m‘m)’ n Hto|!>

Hence (:Un(n)) is a Cauchy sequence in (X, M, x).

Conversely, suppose that (X, M, %) is a nonprecompact fuzzy cone metric space. Then there exist an r
with 0 < 7 < 1 and ¢ > 6 such that for each finite subset A of X, we have X # (J,c4 B (a,7,t). Fix x;
€ X. There is an x9 € X — B (x1,7,t). Moreover, there is an z3 € X —Ji_, B (xy,7,t). By continuing this
process, we construct a sequence {z,} of distinct points in X such that z,11 ¢ Up_; B (z, 7, t) for every
n € N. Therefore {z,} has no Cauchy subsequence. This completes the proof. O

Lemma 3.6. Let (X, M, x) be a fuzzy cone metric space. If a Cauchy sequence clusters around a point
x € X, then the sequence converges to x.

Proof. Let {x,} be a Cauchy sequence in (X, M, x) having a cluster point € X. Then, there is a subse-
quence {xk(n)} of {x,,} that converges to x with respect to 7. Thus, given 7 with 0 < r < 1 and t > 6, there
is an ng € N such that for each n > ng, M (z, zy(n), t/2) > 1—s where s > 0 satisfies (1—s)* (1—s) > 1—7.
On the other hand, there is n; > k(ng) such that for each n,m > nj, we have M (xy,xm,t/2) > 1 — s.
Therefore, for each n > nq, we have

M (x,2n,t) > M(z, Tpen), %) * M (Zg(n)s Tn, %)
>(1—s)*(1—29)
>1-—r.
We conclude that the Cauchy sequence {z,} converges to z. O

Proposition 3.7. Let (X1, M, %) and (X2, Ma,*) be fuzzy cone metric spaces. For (x1,x2),(y1,y2) €
X1 X XQ, let
M((«Tl,JZ‘Q), (yla y2)7t) = Ml(xla yht) * MQ(‘T%vat)'
Then M is a fuzzy cone metric on X1 X Xo.
Proof. FCM1. Since Mj(x1,y1,t) > 0 and My(z2,y2,t) > 0, this implies that
Ml(xlaybt) * M2($2,y2,t) > 0.
Therefore
M((z1,22), (y1,92),t) > 0.

FCM2. Suppose that for all t > 0, (x1,y1,t) = (x2,y2,t). This implies that 1 = y; and zo = yo for all
t > 6. Hence
Ml(xlvylat) =1

and
MZ(‘T27 Y2, t) =1

It follows that
M((l‘l, I?)a (ylv y2)7 t) =1
Conversely, suppose that M ((z1,x2), (y1,y2),t) = 1. This implies that
Ml(xla Y1, t) * MQ('I"Qv Y2, t) = 1.

Since
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0< Ml(wlaylat) S 1

and
0< M2(x2ay27t) < 17

it follows that
Mi(zy,y1,t) =1

and
M2($27 Y2, t) =1

Thus z1 = y; and za = yo. Therefore (z1,x2) = (y1, y2)-
FCM3. To prove that M ((z1,z2), (y1,92),t) = M ((y1,y2), (z1,22),t) we observe that

Mi(z1,y1,t) = Mi(y1,21,1)

and
My (x2,y2,t) = Ma(y2, x2,1).

It follows that for all (z1,22), (y1,y2) € X1 X Xo and t > 6

M((x1,72), (Y1,%2),t) = M((y1,y2), (x1,72),1).
FCM4. Since (X, My, *) and (Xg, M2, *) are fuzzy cone metric spaces, we have that
My (z1, 21, + 8) > My(21,91,t) * M1(y1, 21, 5)
and
My (z2, 22,t + 5) > Ma(x2,y2,t) ¥ Ma(y2, 22, 5)
for all (x1,x2), (y1,v2), (21,22) € X1 X X9 and t,s > 0. Therefore
M((.ﬁCl,QUQ), (21722) t+ S) (CCl,Zl,t =+ S) * M2(x27z27t + S)
> Mi(z1,y1,t) * M1(y1, 21, 8) * Ma(22,y2,t) * Ma(ya, 22, 5)
> M1(961,y1,t) * Ma(wa,ya,t) * Mi(y1, 21, 5) ¥ Ma(y2, 22, 5)
M((z1,22), (Y1,y2), 1) * M((y1,92), (21,92), 5)-

FCM5. Note that Mi(x1,y1,t) and Ma(x2,y9,t) are continuous with respect to ¢ and * is continuous too.
It follows that

M((x17x2)’ (yby?)vt) = Ml(x1>y1at) * Mz(l‘g, yQat)

is also continuous. O

Proposition 3.8. Let (X1, My, *) and (Xa, Mo, *) be fuzzy cone metric spaces. We define

M((w1,22), (Y1,92),t) = Mi(z1,y1,t) * Ma(x2,92,1).
Then M is a complete fuzzy cone metric on X1 X Xo if and only if (X1, My, *) and (Xa, Ma, %) are complete.

Proof. Suppose that (X1, M;,*) and (X2, Ma,*) are complete fuzzy cone metric spaces. Let {a,} be a
Cauchy sequence in X7 x X5. Note that

Ap = (i’?, :Eg)
and
am = (27", 75").

Also, M(ay, am,t) converges to 1. This implies that

M((z7, z3), (21", 23"), 1)
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converges to 1 for each t > 6. It follows that
My (zy, 2", t) * Ma(xy, 25", t)

converges to 1 for each ¢t > 6. Thus M;(z}, 2", t) converges to 1 and also My (%, 25", t) converges to 1.
Therefore {z}'} is a Cauchy sequence in (X, M1, *) and {z5} is a Cauchy sequence in (Xa, Mo, *). Since
(X1, My, ) and (Xg, Ma, *) are complete fuzzy cone metric spaces, there exist 1 € X; and x2 € X3 such
that M (27, x1,t) converges to 1 and Msy(zh, xo,t) converges to 1 for each ¢ > 6. Let a = (x1,22). Then
a € X1 x Xo. It follows that M(ay,a,t) converges to 1 for each ¢ > 6. This shows that (X; x Xo, M, %) is
complete.

Conversely, suppose that (X7 x Xo, M, *) is complete. We shall show that (X1, M, *) and (X2, Mo, *)
are complete. Let {z]} and {25} be Cauchy sequences in (X;, M1, *) and (X2, Ma,*) respectively. Thus
M (2}, 27", t) converges to 1 and Ma(zh, 5", t) converges to 1 for each ¢ > 6. It follows that

M(((E?,LL‘S), (1,1171’ xén)7t) = Ml(m?a $T7t) * MQ(xgaxgl7t)

converges to 1. Then (27, z%) is a Cauchy sequence in X; x Xs. Since (X; x Xo, M, ) is complete, there
exists a pair (x1,z2) € X7 x Xo such that M((z7, %), (z1,22),t) converges to 1. Clearly, M (2}, x1,t)
converges to 1 and Ms(xl, z2,t) converges to 1. Hence (X1, Mi,*) and (X, Mo, *) are complete. This
completes the proof. O

Theorem 3.9. Every separable fuzzy cone metric space is second countable.

Proof. Let (X, M, x) be the given separable fuzzy cone metric space. Let A = {a,, : n € N} be a countable

dense subset of X. Consider )
3] )
B=<Blaj,~,—— ) :j,keN
{ < k kntln) ’ }

where t; > 0 is constant. Then B is countable. We claim that B is a base for the family of all open sets
in X. Let G be an open set in X. Let x € G; then there exists r with 0 < r < 1 and ¢ > 6 such that
B (z,r,t) C G. Since r € (0,1), we can find an s € (0,1) such that (1 —s)* (1 —s) > (1 —r). Choose
m € N such that 1/m < s and t1/m [|[t1]] < L. Since A is dense in X, there exists an a; € A such that
a; € B(z,1/m,t1/m||t1]|). Now if y € B (aj,1/m,ti/m||t1]]), then

t t
M(x7y7t) Z M (CE,CL]‘,2> *M <y7aj)2>

t1 3]
> M ——— |« M o
= (‘”’“J’mnn) ’ (y’aﬂ’mumu)

(-2)-0-2)
>(1—s)*(1—s)
>(1—r).

Thus y € B (z,y,t) and hence B is a basis. O
Proposition 3.10. A subspace of a separable fuzzy cone metric space is separable.

Proof. Let X be a separable fuzzy cone metric space and Y a subspace of X. Let A = {x, : n € N} be
a countable dense subset of X. For arbitrary but fixed n,k € N, if there are points € X such that
M (xp,z,t1/k||t1]]) > 1 — 1/k, where t; > 6 is constant, choose one of them and denote it by z,;. Let
B = {x, : n,k € N}; then B is countable. Now we claim that Y C B. Let y € Y. Given r with 0 <r < 1
and t > 6 we can find a k € N such that (1 —1/k) % (1 —1/k) > 1 —r and t;/k||t1]] < %. Since A is dense
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in X, there exists an m € N such that M (z,,y,t1/k||t1]]) > 1 — 1/k. But by definition of B, there exists
an T, such that M (., Tm, t1/k||t1]]) > 1 — 1/k. Now

2

t t
Z M (‘ka7$m7 > * M <wmﬂy7 )
K |[t1]] E[t1]]

()0

>1-—r.

t t
M(xmkayat) Z M <£ka,l‘m, 2> * M ('vayv )

Thus y € B and hence Y is separable. O
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