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Abstract.: Graph labelling or valuation is a function that maps graph ele-
ments (vertices or edges) to numbers, usually positive integers [7]. In this
work, we analyze the supermagicness of book-snake graphs. At first, we
show that triangular book-snake graps, », s) admits aC's —supermagic
labelling. Then by using these labellings and supermagicness of subdivi-
sion given in [10],C,,, —supermagicness of polygonal book-snake graph
S(m,n,s) is given sinceS(m,n,s) can be taught as a subdivision of

S (3,n,s).
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1. INTRODUCTION

A graphG(V, E) is said to admit arf{ —covering if every edge is a member of a sub-
graph ofG isomorphic to a simple grapH. A bijection\ : VUE — {1,2,--- ,|V|+|E|}
is called anH—magic labelling ofG if there exists an integemn(\) (called the magic
sum) such that for any subgrag’ = (V’, E’) of G isomorphic toH, > (A(v)) +

veV’
> (M) = m(X). A graph is said to bé/ magic if it satisfies the property df magic
eckE’
labelling. If the H—magic labelling has the property such thaf(v) : v € V} =
{1,2,---,|v|}, thenX is said to belf —supermagic labelling [2].

Several researchers studifd-supermagic labelling. For example:

H —supermagicness of Jahangir graphs, wheel graphs forgserd complete bipartite
graphsk,, ,, for m = 2 studied by Roswitha et al. [8]. Path-supermagic labelling was
investigated by Maryati et al. [6]. Jeyanthi and Selvagopal [3] gave some formulations for
supermagic labelling of book graphs by using equipartition. Supermagicness of generalized
book is given by Kathiresan et al. [4]. Kojima [5] studiéd —supermagic labelling on
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the cartesian product of paths and grapfi's,—supermagic labelling on polygonal snake
graphs was given by Selvagopal et al. [9]. More results can be found in [1].

In this paper, we define:—polygonal-book-snake graphs and show that they admit a
C,,—supermagic labelling.

2. RESULTS

2.1. Cs-supermagicness ofS (3,n, s). The graph withns + s + 1 vertex and2ns + s
edges, obtained by joining copies of the triangular book graph with-leavesB(3, n)
along the common vertices, is called triangular-book-snake graph with-teaves and
s—parts, and denoted Wy (3, n, s) (see Figure 1).

V={v,:i=12,...,s +1}U{v;; :i=1,2,...,s,j=1,2,...,n},
E:{ei:izl,Z,...,s}U{eij:z':1,2,...,3,j:1,2,...,n}u
{e2:i=1,2,...,8,7=1,2...,n}.

FIGURE 1. S(3,n,s) graph

Theorem 2.2. Letn, s > 2 ands even. Therb(3,n, s) is Cs—supermagic.

Proof. Let’s define) as follows:

Av))=s+2—i,i=1,2,...,8+1,
Mvij)=s+14+i+s(j—1),i=1,2,...,8j=12,...,n,
Mei) =3ns+s+i+1,i=1,2,...,s,

Ael,) = ns+ 3 -4 —i+2, i=12...,5j=12..,n,
R M 42— % —i+2, i=5+1,...,5j=12..n,

e2) = ns+s+s 5l i+l i=1,2,...,5j=12.n,
| Bns+ 5 - +i+1, i=3%+1,...,5j=12..n
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Since we have
Z Av) =vi+vip1+vj =3s+4+s(j—1)—i
veV’

and

7 . 15 .
E Ae) zei—l—e}j —&—e?j = 58—]84-?77,8—‘1-44-2,
ecE’

the supermagic sum () is

:Z)\ —&—Z)\ —s+§ns+8

veV’ ecE’
Therefore,S(3, n, s) is Cs—supermagic graph wheneven.

3 34 2 35 1

FIGURE 2. Cs—supermagic labelling of (3, 5,2) wherem (A\) = 94.

Theorem 2.3. Letn, s > 2 andn even. Ther$ (3, n, s) is C3—supermagic.

Proof. Let’s define) as follows:

Avi)=14,i=1,2,...,s+1,
AMvij)=s+14+j+(@—-1)n,i=1,2,...,5j=12,...,n,
1
)\(ei)z(2—i>n+2$—|—2ns—|—2—i,i:1,2,...,3,
1 (1—i)n—3j+2s+2ns+ 3 —1,
Ale )_{ (3—i)n—3j+2s+2ns+2—1,

AMe2) = 25—(% n—3j+2ns+3, i=1,23,...,5j=1,3,5,..,
K Zn—*j+28+2n8—|—2 1 =1,2,3 ]

Since we have

Z Av)=vi+vqp1+v;=—1—i9)n+s+2+2i
veV’
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and

Z)\(e):ei—l—e}j—i—e?j:(1—i)n—j—|—65—|—6ns+6—2i,
eckE’

the supermagic sumn () is

m(A) = Z A(v) + Z Ae) =T7s+ 6ns + 8.

veV’ ecE’

Therefore,S(3, n, s) is C3—supermagic graph wheneven. O

1 40 2 33 3 26 4

FIGURE 3. C5—supermagic labelling of (3, 6,3) wherem (\) = 137.

Theorem 2.4. Letn, s > 2,n ands odd. ThenS(3, n, s) is Cs—supermagic.

Proof. Let’s define) as follows:
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toddand =1,2,...,s+1,

it1l
) — 20
A(vi) {”;“, ievenand =1,2,...,s+1,
Avj)=s+j+n(i—-1)+1,i=1,2,...,s,5=1,2,...,n,

Ae;)) =3ns+2s—i+2,0=1,2,... s,

%J’_S—’—]—Fn(z_l)—’—%a 1_1727‘”7€;17j: u27 y Ty
1 2ns+s— 2 +j+ 3, i=st =12, L
)‘(ei'): 27 st1%  ngl 2
J ns+s+1+j5— "5, 1=5=j="3+1..,n,
Bts+j+n(i—1)+1, =28 s57=12..,n,
3ns+s—2j—2n(i—1)+3, i=12.,5% ;=12 .,n,
9 2ns+n+s—25+3, i=5t i =12 .., 2
)‘(eij): ; st il 2
ns+n+s—25+ 3, 1= ="5"+1..,n,
dns+s—2j—2n(i—1)+3, i=%2 . 5j=12.n
Since we have
Z)\(U) = V; + Vi1 + vy
veV’
ji—Q=i)n+3s+54+i, i=1,2,.., 5
B j—%7”L—|—2s—|—¥ns—|—37 i=landj =2 +1,..,n,
N jf§n+2s+%ns+37 i=tandj =2t +1,..,n,
j—Q—i)n+3s+ 54+, i=23 s,
and

Z Ae)=¢e; + e}j + efj

ecE’
(I—i)n—j+4s+Pns+ 45 —i, i=1,2,., 55,
_ %n—j—l—%s—&—?ns—&—S, i:%andj:"TH—i—l,...
) gn—j+5s+Tns+5, i=5landj =2 +1, ..

(I—i)n—j+4s+ Pns+ 5 —i, i=2 s,

the supermagic sumr () is

m(\) = Z A(v) + Z Ae) = 1?13 + ?ns—i—&

veV’ ecE’

Therefore,S(3, n, s) is C3—supermagic graph whenands odd.

7n7
7n7
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FIGURE 4. C3—supermagic labelling of (3, 5, 3) wherem (\) = 137.

As a result of above theorems, we have the following.
Corollary 2.5. S(3,n,s) is aCs—supermagic graph.

2.6. C,,-supermagicness of5 (m,n, s). We start this subsection with a theorem that we
need in the sequel.

For a given grapld-, S(G) denote the graph obtained by subdividing some edgés of
The next theorem shows thatGf is H —supermagic, the§ (G) is S (H) —supermagic.

Theorem 2.7([10]). Let G be a H—supermagic graph and lefl;,i = 1,2, ...,¢, be all
subgraphs ofG isomorphic toH. If S(H;),i = 1,2,...,t, are all subgraphs of5(G)
isomorphic toS(H) then the graptt(G) is a.S(H)—supermagic graph.

The sketch of the author’s proof as follows:
Let S(G) be the subdivision of th&' graph obtained by adding new, vs, . . . , v, vertices
to theG. Letr be the number of new vertices added to the subgrafilis;). If A is
H—supermagic labelling of7, theng defined below is &'(H)—supermagic labelling of
S(Q).

[ A(w), v eV (Q)
g(v)—{ V(G| +j, v=wv;,j=1,2,....,p

(uw) = 4 AW +p ueV(G)
I =V V@I +IE@|+2p+ 15, u=v;,j=1,2,....p
In this case the magic sum is

p(g) =pnA)+I[EH)|p+ V(G| +I[EG)+2p+1)r.

Now, we definen—polygonal-book-snake graphs withleaves,s parts wheren > 4
and show that they admit@,,, —supermagic labelling by using above theorem.

The graph withm — 2) ns + s + 1 vertex andm — 1) ns + s edges, obtained by join-
ing s copies of then—polygonal book graph witlhh—leavesB(m,n) along the common
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vertices, is calledn—polygonal-book-snake graph with the-leaves and—parts, and
denoted bysS (m, n, s) (see Figure 5).

V={v;:i=12,...,s+1}U{o):i=12...,sj=12...,nk=12..,m-2}
E:{ei:i:1,2,...,s}u{efj:i:1,2,...,3,]':1,2,...,n,k:1,2,...,m—1}

FIGURES. S (m,n,s) graph

S (m,n,s) can be taught as a subdivision 6f(3, n, s) since it can be obtained by
adding newr = (m — 3) vertices between;; andv;,; for all i and j, totally p =
(m — 3) ns vertices. Therefore, by Theorem 2.7, we have the following.

Corollary 2.8. Letn,s > 2andm > 4. ThenS(m,n, s) is C,,,—supermagic.

Proof. By combining the theorems in subsection 2.1 with supermagicness of subdivided
graphs, according to the values ofand s, C,,—supermagicness of (m,n,s) is as
follows:

If sis even:
g(v;)) =s+2—14,i=1,2,3,...,8+1,

gv) =s+14i+s(j—1),i=1,23,...,57j=12,...,n,
g(vfj) =ns+s+k+(G—-1)(m—-3)+@GE—-1)(m—3)n, i=1,2,3,...,s,
j=1,2,3,...,n,
k=23,4,...,m—2,
gle;) =3ns+s+i+1+(m—3)ns,i=1,2,...,s,
[ ons+E - 424 (m-3)ns, i=1,2,3,...,5,7=123,...,n,
9lei)) _{ %+2s—%j—i+2+(m—3)ns, i=35+1,...,575=123,...,n,
oy [ 2s+s+sil it 14+ (m—3)ns, i=1,23,...,5,j=1273,...,n,
9(eij) _{3ns+;s2j+i+l+(m3)ns, i=5+1,...,5j=12.3,...,n,
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g(el;) = 3j—ktm—(3-3)n+2s—jm+(1—i)mn—3ns+2mns+1, i=1,2,3,...,s,
i=1,2,3,...,n,
k=3,4,5...,m—1,
m(g) = p(A) +[EH)[p+ 2V (G)+IEG)|+2p+1)r
7 9
=3m — 29 + 3ms + ons +2m?ns — bmns — 1.
If n is even:
gv;)) =4,i=1,2,...,8+1,
gvh) =s+14+j+G-)ni=1,2,...,57=123,...,n,
gi) =ns+s+k+(—1)(m—=3)+(i—1)(m-3)n, 1=1,2,3,...,s,
]:1’2’37" ’n7
k=2,3,4,...,m—2,
gle)) =(G—i)n+2s+2ns+2—i+ (m—3)ns,i=1,2,...,s,
(I1—i)n—3j+2s+2ns+32—i+(m—3)ns, i=1,23,...,s,
(61) _ j: 173757 y 17
NGl =) G—i)n—L1j+2s+2ns+2—i+(m—3)ns, i=1,2,3,...,s,
j:274767 7”’
2s— (3 —i)n—2j+2ns+ 3+ (m—3)ns, i=1,2,3,...,s,
(62) _ j:1a3557' an_la
NG =N in—Lj 425+ 2ns + 2+ (m — 3) ns, i=1,2,3,...,5,
j:2’4767' 7n7
g(el;) = 3j—ktm—(3-3)nt2s—jm+(1—i)mn—3nst2mns+1, i=1,2,3,...,s,
j:172’3" ’n7
k=345 .. ,m-1,
m(g) = p(A) +[EH)[p+ 2V (G)+IEG)+2p+1)r
= 3m — 2s + 3ms + 3ns + 2m?*ns — 5mns — 1.
If s odd andn is odd:
() = 2t doddandi =1,2,...,s+1,
g\ = sHEl jevenand =1,2,...,s+1,
g(vilj) =s+j+n(i—1)+1,i=1,2,...,8,i=1,2,...,n,
g(vfj) =ns+s+k+(G-1)(m-3)+@GE—-1)(m—-3)n, i=1,23,...,s,
j:172737 "n7
k=23,4,...,m—2
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gle;) =3ns+2s—i+2+(m—3)ns,i=1,2,...,s,

3 p st j4+n(i—1)+ 3+ (m-3)ns, i=1,23, ., 55,
j=1,2,3,....,n,
1 2ns+$—%+j+%+(m—3)ns, i:sgl,]: 72,3,..,”?“,
g(eij) = . nf1 . stl n+1
ns+s+1+j— "=+ (m—3)ns, i= =" +1,..,n,
B ps+j+n(i—1)+1+(m—3)ns, i=23 s
j=1,2,3,...,n,
; : _ s—1
3ns+s—2j—2n(i—1)+3+(m—3)ns, i=1,2,3,.., %5,
J=12.3,..,n,
() — 2ns+n+s—2j+ 3+ (m — 3)ns, i=25t i =1,2,3,.., 2
IG5 =\ Bns+n+s—2j+3+ (m—3)ns, i=st j=nt 41 o,
; : . s¥3
dns+s—2j—2n(i —1)+3+(m—3)ns, i=T= .5,
i=1,2,3,...n,
g(efj) = 3j—k+m—(3—3i)n+25—jm+(1—i)mn—3ns+2mns+1, 1 =1,2,3,...,s,
j:172’3) 7n7
k=3,4,5,...,m—1,
m(g) =pn(N) +[EH)|p+ QIV(G)|+IE(G)+2p+1)r
7 9
=3m — 55 + 3ms + ins +2m?*ns — bmns — 1.
O
20 142 21 35 127 36 50 112 51
4 141 84 126 89

53 109 54
7 1

56 106 57
85 10:

FIGURE 6. Cs—supermagic labelling of (6, 5, 3) wherem (\) = 758.
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